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Abstract

We study symmetry method to solve difference equation (18) in [3],

un
U . -_——
n+2(i+1) a+ bun+i+1un7
by determining Lie groups of symmetries for even i. We find the forbidden set after we
get an exact solution. We study also the local stability of the equilibrium point of this
difference equation.
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INTRODUCTION

In the past thirty years, various types of difference equations have been considered and
examined. These types of equations are of great importance in various fields of applied
sciences. Deriving of the forbidden sets of the difference equations is a very important
tool in studying the behaviour of the solutions of these difference equations.

Balbirea and Cascales [3] gave an explicit understanding of the forbidden sets by
reviewing some of the previous studies. They proposed a list of open problems concern-
ing this field.

Rabago [11] solved open problem 3, Eq. 17 in [3]. He found the forbidden set of the

difference equation
Un+kUn

AUp41 F Un4kUn+1Un

Untk4+1 =

Abo-zeid [1] gave an exact solution of the difference equations

U o Up42Up
n+3 — )
AUy o + buy,
o Up41Up
Un4+3 =

atn11 + buy,

and then he determined the forbidden sets of them.

In this work, we are interested in finding a closed form solution of a certain class
of difference equations using the method of symmetry. To be more precise, we are
interested in addressing the solution to one of the open problems posted by Balibrea
and Cascales in ([3], Open Problem 3, Eq. 18) concerning the forbidden set of a certain
class of rational difference equations. Forbidden set is the set of initial conditions for
which after a finite number of iterates we reach a value outside the domain of definition
of the iteration function.

The first using of symmetry method was by Sophus Lie in order to solve ordinary
differential equations (ODEs). For an introduction to symmetry methods for ODEs,
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see Hydon (2000). After that the method of symmetry was developed to solve ordinary
difference equations by many researchers. Hydon (2000) introduced a method for ob-
taining the Lie symmetries and used it to reduce the order of the ordinary difference
equations and to find the solution.

In this thesis, we devise topics as follows:

In chapter 1, we introduce what do we mean about forbidden set concerning differ-
ence equations, and mention as an example recent results of determining the forbidden
sets for some difference equations.

In chapter 2, we investigate symmetries for first and second order difference equa-
tions, and we show how can we use symmetry to solve these equations. We generalize
the symmetry method for higher order difference equations.

In chapter 3 and the aim of this thesis, we use symmetry method to solve difference

equation

Up,
Un42(i+1) — — 53
D 4 b

for even i, with real initial conditions {u, }>f;. We shall determine the forbidden set
of this equation after we get closed form solution.



1. FORBIDDEN SET

In this chapter, we give an explicit definition of forbidden set and determine the for-
bidden set of some difference equations considered in recent papers, equation (1) from
[12] and equation (1) from [3].

1.1 Introduction
Let k be a positive integer, a difference equation of order £ is an equation of the form
Uik = [(Untk—1,---Un), (1.1)

where f : A C R¥ — R is a continuous function.

Definition 1. [3/ The forbidden set (F) of difference equation (1.1) is the set of
initial conditions for which after a finite number of iterates we reach a value outside
the domain of definition of the iteration function, i.e.

F={(ug_1,...,u0) : I3n >0 f(upsig_1,-.-uy) is not defined or
(f(unJrkfl? s un)a Un4k—1y - - - 7un) ¢ A}

If we consider, for example, the simple difference equation
Upt1 = C, where ¢ € R,

then the forbidden set of this equation is F = ¢ because u,,1 = c is defined for all
n > 0 where ¢ € R.

Now, take
un+1 - —,

let ug # 0, then the sequence

Ug, U1, Uz, U3, Ug, U5 - . .
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under iteration function

become

1 1 1

—, Uy, —,UQy — .-
Ug Ug

which implies, every solution where uy # 0 is 2-periodic. On the other hand, if ug = 0,
then u; is undefined, therefore, the forbidden set is F = {ug = 0}.

Uo,

The difference equation
1

u2 +1’
has empty forbidden set (F = ¢) in R. Note that i € F when this equation is taken
over the complex field.

Unt1 =

Example 1. [2]Determine the forbidden set of the following difference equations:

(a)

1
] =2 — —. 1.2
Un+1 w (1.2)
(b) )
iy = —————. 1.3
2 1+ Up+1Un ( )
Solution. (a) u,1; = 2— t, calculate the terms of this sequence:
1 2up — 1
U = 2 — = o ,
Uo Ug
uy is undefined when wug = 0, hence F; = {up = 0}.
1 -2
u2:2__:2_ Uo :3U0 ’
Uy 2ug — 1 2ug — 1

us is undefined when 2ug — 1 =0, or ug = %, hence Fy = {ug =
2_i:2_2u0—1 4u0—3’
3U0—2 3U0—2

U2
ug is undefined when 3ug—2 =0, or ug = %, hence F3 = {up =

Uus

1 3ug — 2

2—— =2
Uus 4U0—3

. 5U0—4
N 4’2110—3’

Uy

N[ —=
——

win
——
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1y is undefined when 4ug —3 =0, or ug = %, hence Fy = {ug = %}
which implies,

4
Fs = {UOZg}

)
Fe = {UOZE}

Thus, the forbidden set of equation (1.2) is
F = FUFRUFUFU...
123
= {w=00353}

B U{uozuoznil}

n>0

We can find this forbidden set through two ways, one of them by backward orbits
and the other by solving the difference equation:

First way. Backward orbits:

Let 1
U1 = f(u,) =2 — —,
SO !
tnoy = 7 (un) = 2 —uy,
and so
up = fHw) = fTH T ug) = - = fT"(un)
then,

uy is undefined when ug = 0,

s is undefined when u; = 0 so ug = f~'(uy) = f71(0) = = € F,

usz is undefined when uy = 0 50 ug = f2(ug) = f2(0) = = € F,

Upy1 18 undefined when u, = 0 so ug = f~"(u,) = f7(0) = c F.
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Which implies

n
]::U{uozuozn+1}.

n>0

Now, we can deduce that, to find the forbidden set of equation (1.2), let

1
flup) = tupyr =2 — —, f(uy,) is undefined when w,, = 0,
Up,
then q
-1 o
F ) = 5

Assume a new orbit s, is the backward orbit. Let
sk = [ (se), so =0, k>0,

this implies,
_ _ k
sk = [ "(s0) = [7(0) = a1l

we start with initial value sy = 0 since f(u,) is undefined when u, = 0, and for
every term we moved in the backward orbit, we stay in F. It follows that

n
f:U{uo:u0:n+1}

n>0

Second way: by solving the difference equation

1
un+1:2__
Un,
let v
Uy = 2 0, #£0, n=0,1,2,..., (1.4)

Un,

this substitution convert difference equation (1.2) to a second order linear homoge-
neous difference equation
Upyo — 2041 + v, =0, (1.5)

the characteristic equation is

AN 20 +1=0,

SO

(A=1)%=0,
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we have a repeated real root, A = 1, then the solution of difference equation (1.5)
1s

v, = ()" +con(1)”

= 1+ can

but
vo=c and wv; = ¢+ co,

SO

Cy = U1 — g
which implies

Uy, = vo + n(vy — 1),

from substitution (1.4),

Un+41

Un

vo+ (n+ 1)(v1 — vo)

vo + n(vy — vg)

Uy =

since ug = Z—; S0 V1 = ugvgy. Thus

vo + (n 4+ 1) (upve — vo)
vo + n(ugve — vg)
1+ (n+1)(u —1) ,
= 0
Tt n(u—1) since vy #
UM + Uy — N

Uy —

14+umn—n’
u,, 1s undefined when
1+upn —n=0.

Thus, forbidden sets (F) of the difference equation (1.2) is

F = U{uozuozn_l}

n
n>1

= U{uozuoznil}.

n>0
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(b) Upyo = ﬁ, let up, u; be given such that ugu; # 0, multiply both sides by
Up4+1 WE geta
Un+41Un
Uprolipyy = —mFET 1.6
2kl = T o (1.6)
substitute v, = u,41u, + 1, this convert equation (1.6) into
p_ 1 (1.7)
Upi1 =2 — —, .
+1 o
from previous example, the forbidden set of this equation is
n
Fa) = U {vo tUy = n—l—l}’
n>0
but v, = up11u, + 1, so the forbidden set of the difference equation (1.3) is
n—1
f = N =
U {Uo Vo " }
n>1
n—1
= U{(ul,uo):ulu()—i-l: }
n>1 n
—1
= U {(UI;UO) P ULUY = —}
n
n>1
1.2 Forbidden sets of some difference equations
Consider the difference equation
at,,
Upy2 = —— 7
2 Up+1Un + b
substituting w,,/ Vb for u, and ¢ for a /b gives the equivalent equation
Cly,
= 1.8
it Un+1Un +1 ( )

Example 2. [12] The forbidden set F of difference equation (1.8) is a sequence of
hyperbolas as follows:

F = U{(ul,uo) ULUY = —fin }, (1.9)

n>0

et if ¢ # 1;
Mpn =

where

1 e
s if c=1.
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Solution. If uyug # 0, multiply both sides of equation (1.8) by u,41, we get

ClUp4+1Unp
Unp2Unyl = >
+2Un+1 teatin + 1
substitute .
— = Up4+1Unp,
Un
we obtain the first order difference equation
1 1 1
Upt1 = —Up + —, Vo = )
C C U1Ug
let ] !
f(vn) = Un+1 —Up + E
then

fH(vn) = cv, — 1.

Assume a new orbit s; is the backward orbit then s, = f‘l(sk), k >0, let the wnitial
value so = —1. Consider yy, such that sy = 1/yi11Yk, S0 y1yo = —1, then

ck+l_ .
——1, if ¢ #1;
k+1, if c=1.

1

Yk+1Yk

= s =f " (sk-1) = fFM(s0) = FH(=1) = - ZCi =— {

In the backward orbit we start with initial point (yi,yo) with y1y0 = —1 and for every
term we moved, we stay in F. It follows that the points (Yr+1,yx) are on hyperbolas(1.9),
which completes the proof.

[1] Find the forbidden set of the difference equation

M, where a,b > 0. (1.10)
AUpio + buy,

Up+3 =
Solution. We shall find the general solution of equation (1.10) and then we can deter-

mine the forbidden set. Let )

Up = —,
Un
this substitution converts equation (1.6) into the third order linear homogeneous dif-
ference equation

Upig — bUp o — av, =0, (1.11)



1. Forbidden set 8

the characteristic equation of this equation is
N — b\ —a =0, (1.12)

the last equation has at least one real root since it’s a polynomial of odd degree, say

M1, SO
pi—bui —a=0

then
P =bud+a > 0, since a,b > 0
which implies
M1 > 07
also,
g7 >a and > by,
therefore,
w1 > a and ;> b, a,b, uy > 0.
Thus,

w1 > max{/a,b}.
Now, to obtain other two roots ps 3 of equation (1.12), divide equation(1.12) by A — 4,
we get
N4 (=b+ p)A + 1 — b, (1.13)

equation (1.12) can be written as

NN —a = (A= )N+ (=b+ )X+ pf — pubd)
= 0

The roots 23 are the roots of the quadratic equation (1.13)

—(p1 = b) £ /(1 — b)? — 4(p3 — by

Ho3 = 5
_ (= 0) £ /=3t + 2y + b2
B 2
I () i V=B +b) (1 — b)
2 2 ’

but gy —b > 0 since py; > b > 0, so

—(3p1 +b) (1 — ) <0,
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it follows that

—(p1 —b) ii\/(S’ul +b)(p1 — b)

H23 =

2 2
_ —(p = b) ii\/3u?—2ulb—b2
2 2

(—(m—b)>2+(\/3u%—2u1b—b2>2
2 2
12— 2umb+ 17 3 — 2upb— b2

4 i 4

|/~L2,3| =

—_

(i — b

5

M1
Let

_ L (v (Bpr +b) (i — b)) /2
0 tan ( (_ (o — b))/2 >

= tan! (— ,/B/lebb) e (n/2,7)

) a\1/2 .
pa = |M2\€w:(—) e’
H1

—i a i
ps = |usle 9:<—> e .
H1

then

Hence, the solution of equation (1.11)

Up = i) + Copry + Capy
noo~ {712 0\ A [/ AN1/2 _ip\"
= 01M1+62((M_)/60) +03<(—)/e 9)
1

21
a a \n/2
—> sin né,
1

n/2
= 01#?4'02(—) cosn9+03<
M1 2
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where ¢1, ¢9, ¢3 are constants and
Cy = Co + C3, c3 =1(Cy — C3).

Let vg, vy, v9 be given, then

Vo = G + Ca,
a \ /2 a\1/2
v = +02(—) cosG—i—Cg,(—) sin 6,
Ha H1
9 a ay .
vy = ]+ ¢ <—> cos 20 + c3 <—> sin 26,
H1 H1
solving this system of equations for ¢y, co, c3, we get
Ay Ay Aj
a=—-, C=—-, C=—
1 A ) 2 A Y 3 A
where
1 1 0
1/2 1/2
A= | (f) cos 6 <i> sin 0
2 a a o3
pi o gscos20 S sin 20
Vo 1 0
1/2 1/2
O (i) cosf (—) sin
| =
Vg < cos 20 <2 sin 20
p1 H1
1 Vo 0
SN2
Ay — [ <E> sin ¢
Ui o ﬁ sin 26
1 1 Vo
1/2
Ay = 1 (ﬁ) cosf vy
pio scos20 vy
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then,

cT =

<v0[<§)3/2(cosesin20 — cosQHsinG)} + v [ — %sin?@} +02[<Mi>1/2 Sjn9])
1 1 1

(%[(%)3/251119] b2~ “ 2] +ui2[(/%>l/2sme]),

B2
A

Co

Bl D=

1/2
(vo [ — asin 20 + ui’ﬂal/z sin 9] + vy [i sin 29} + vy Ki) sin 20})
H1 H1

(i [a sin 20 — u:l)’/Qal/Q sin 9} + 1 [i sin 29] + 1 [(i) v sin 26] )

Ug Uy Ly Uz L\

Aj

A

= %(Uo [acosZH — 132l COSQ} + v [ — %COS 20 + /‘ﬂ + U2 [(Mi)l/z cosf = Ml])
. 1

C3 =

1 /1 1 1 1/2
= —<—[a00820 — u?/Qal/QCOSQ} + —[— icos29—i—,uﬂ + —[<i> cos —,ul})
A\ ug Uq 1 Ug L\ f1q

Thus, the solution of difference equation (1.10) is

1 1

UTL:__

n/2 n/2 ’
ey + CQ<I%> cosnb + c3 (ﬁ) sinnf

The forbidden set of equation (1.10) is the set of all initial values for which wu, is
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undefined, then

v, = 0

a \ /2 a \n/2 )
= i + ¢ (—) cosnb + cs <—> sin nd
H1 H1

= S G el ] G e

1 /1 1
+— (— [a sin 260 — ,ui’/gal/2 sin 0] +— [i sin 29}
A\ u Uy L

+u% [(%) v sin 29] ) <§> " cos nf
1 1

1 1
(— [a cos 260 — u?/2a1/2 cos 9] +— [ — L os20 + /ﬁ]
Ug U1 251

—l—u% [(%) 2 cosf — Ml]) (%)nm sin n#

1
A

which implies
11 3/2 n/2
0 = __<[<ﬁ> sin 9} i+ [a sin 260 — ui’/Qal/g sin 9} <i> cos nf
ug A I3 H1

n/2
+ [a cos 20 — uf/Qal/Q cos 9} (1) sin n@)

H1
4= <[ _ sin 29] wy + [ﬁ sin 29] (i) cosnd
up A JIA Ha Ha

n/2
+ [ — L cos20 + ,uf] <i> sin n@)
M1 M1

11 1/2 1/2 n/2
+__<[<ﬂ> sinQ} S [(i> sin29] <£> cos nf
us A 251 M1 M1
1/2 n/2
+ [(i> cosf — ,ul} (i> sin n@).
H1 1
Thus, the forbidden set of difference equation (1.10)

F= U{(Uz,ul,uo)eR?’;i_‘__l_{__O}

U u U
n>0 2 1 0
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where

o %([(%)1/2 sin 9} wy + [(%) 2 sin 20] <%>n/2 cosnf +

[(%) 2 cosf — ul} (m)n/z sin n@)

o, = i([—isin%}u’f [—sm29}< ) cosnb

A M1
n/2
—i—[— — cos 260 —|—u1} ( > smn@)
H1 H1

Qop, = l([<i>3/2sin9],u7f [asm?@ ,u/2 1/281n9] <# )n/ZcosnG
1

n/2
—l—[acosQ@ u/Z 1/20039]< ) smnG)
21



2. SYMMETRY METHOD

To clarify the concept of symmetries of an ordinary difference equation (OAE), it is
helpful to consider the symmetries of geometrical object. A symmetry of a geometrical
object is an invertible transformation that maps the object to itself.

Consider the result of rotating a square anticlockwise about its centre. After a
rotation of /2, the square looks the same as it did before the rotation, so this transfor-
mation is a symmetry. Rotations of 7, 37/2 and 27 are also symmetries of the square.
In fact, rotating by 27 is equivalent to doing nothing, because each point is mapped to
itself.

Figure(1). Rotation of the square
Definition 2. [9/(Trivial symmetry) The transformation mapping each point to it self.

In addition to the rotations described above, the reflections about the four axes
marked in Figure(1) are also symmetries. So the square has eight distinct symmetries.
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b d
a c
O y 3%
d c a b a b
ANy by 2m>
b a c d ¢ d
O by &
c a
d b
Fig. 2.1: dd
a b
¢ d
b a a b c d
d ¢ ¢ d a b
a c
b d

Figure(2). Refliction of the square

Definition 3. [9/A transformation is a symmetry if it satisfies the following:
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(a) The transformation preserves the structure.

(b) The transformation is a diffeomorphism (a smooth invertible mapping whose inverse

is also smooth).
(¢) The transformation maps the object to itself.
Remark 1. (i) Every object has at least one symmetry which is trivial symmetry.
(ii) Each symmetry has a unique inverse, which is itself a symmetry.

(i1i) The combined action of the symmetry and its inverse upon the object (in either
order) leaves the object unchanged.
Theorem 2.0.1. [10] The set of all symmetries of a geometrical object is a group.

Example 3. [10] The group of symmetries of the square is called dihedral group Dy,
with two generators I'; and I'y that are shown in Figure (3).

[’y : rotation by 7/2 (anticlockwise) about the square’s centre.

I's: reflection in a centreline.

(a) (b)

Figure (3). Some symmetries of a square:(a)rotation by % :(b)reflection.
These generators are subject to the relations
(T1)* = (2)? = (I'1T,)* = identity map (o)

We can see that I'y, (1), (I';)? and (T';)* = Ty, represent the rotations by 7/2, 7, 37 /2
and 27 respectively, and I'y, T\ T'5, (I';)?Ty and (T';)3Ts, represent the flips about the

four axes.

So the eight distinct symmetries of the square are the elements of dihedral group,

D4:{ida F17 (Fl)Qa (Fl)gar2; F1F27 (F1)2F27 (F1)3F2}'
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Note that Flrg 7é FQFl.

2.1 Symmetries and Lie symmetries of difference equations

An OAE (of any order) may be represented by the set of its solution. For an OAE,
symmetries are defined as follow.

Definition 4. [10] A symmetry of a given OAE is a locally-defined diffeomorphism,
", that maps the set of all solutions to itself. (Consequently, every solution is mapped
invertibly to a solution.)

Example 4. [10] For € € R, let
[.:u—u=eu,

be a transformation. We consider its affect on a linear homogeneous OAE of order k.

If vy, v9, ..., v, are linearly independent solutions, then the general solution is
k
U = E CiV;, ¢;’s are constants.
=1

The mapped solution, 4, is

1= ef E CU; = E Ui, where ¢; = e°c;,

=1 i=1

bS]
bS]

so every solution is mapped invertibly to a solution. Thus, I'. is a symmetry of the
OAE for all € € R.

Definition 5. /6] A parametrized set of point transformations,
x> 2(x,e), € € (€, €1)

where €y < 0 < €1, is a one parameter local Lie group if:

(L1) Ty is the identity map, so that & = x when € = 0.

(L2) I',I'sg = I'ayp for every a, 8 sufficiently close to zero.

(L3) Each & can be represented as a Taylor series in € (in a neighbourhood of € = 0
that is determined by z), and therefore

#(z,€) =z + en(x) + O(€?)
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A local Lie group may not be group, unless it satisfies group axioms for sufficiently
small parameter values. A one-parameter local Lie group of symmetries of a difference
equation will depend on n and the continuous variable w,, (z’.e. Uy = Up(n, un)) Since
n is a discrete variable that cannot be changed by an arbitrarily small amount, so
every one-parameter local Lie group of symmetries must leave n unchanged. We call
symmetries that belong to a one-parameter local Lie group as ”Lie symmetries”.

Example 5. [10] The transformation
Le:(n,uy) — (0, 4,) = (n, euy,), ecR
is a one-parameter local Lie group.
e (L1) When € = 0, we obtain (7, 4,) = (n,u,), so Iy is the identity map.
e (L2) I's: (n,u,) ~ (n,ePu,), which implies
Tols: (n,eu,) = (n, e u,) = (n, e Pu,).
Thus, I'nI's = I'ayp.

e (L3) 4, can be represented as a Taylor series in €

Uy = €U, = (1 + e+ 0(62))un = Uy, + eu, + O(e?).

Now, consider this transformation affect on a linear homogeneous OAE of order k,
from Example 4, I'; is a symmetry of this OAE for every e € R. So I, is a Lie symmetry
Example 6. [10] consider the difference equation,

Upi1 — Up = 0. (2.1)
The transformation
Lot (nyun) = (0, 0,) = (n,u, +€), aeR (2.2)

is a Lie symmetry, since I is a symmetry for equation (2.1), and it is a one parameter
local Lie group.
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2.2 Characteristics and Canonical Coordinates

In this thesis we restrict attention to Lie symmetries for which u,, depends on n and wu,,
only. These are called Lie point symmetries, they are of the form

n=nmn, Ty = Uy + €Q(n,uy) + O(€%). (2.3)

To see how such symmetries transform the shifted variables u,, ., simply replace the
free variable n in (2.3) by n + k:

Uiy = Untk + €Q(n + K, tngx) + O(€2).
This is called the prolongation formula for Lie point symmetries.

The function Q(n,u,) is called the characteristic with respect to the coordinates
(n,u,). For instance, the characteristic that corresponds to the transformation (2.2),

n=mn, Uy = Uy + €
is Q(n,u,) = 1.
Consider changing of coordinates from (n, u,) to (n,w,), where w!, Bw" # 0, then
w(n,u,) = w(

nt eQ(n u,) + O(€?)) by using relation (2.3)

+(e —0) <— (w(n, un, + €Q(n, un))) + O(€?), by applying Taylor’s theorem

|e:0

= w(n,u,) + e((c% (w(n, u, + €Q(n, un))) (%)) ) + O(€)

= wn,u,) + eu~)’(n, u,)Q(n, u,) + O(€%)
= w(n,u,) + eQ(n,w,) + O(e)

where, )
Q(n7 wn) = w'(n, un)Q(”: un)a

and it is called the characteristic with respect to (n,w,).

(2.4)
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Now, we introduce a canonical coordinate, s,,, such that
(7, 8,) = (n,sn + €) eceR.

The characteristic with respect to (n, s,) is Q(n, s,) = 1 = §'(n, u,)Q(n, uy), s0

nu
n) /Qnun

2.3 Linearized Symmetry Condition (LSC)

To determine the Lie point symmetries for a given difference equation, we find the
characteristics by solving the LSC. This will be explained in this section.

2.3.1 First order difference equations

Given a first order difference equation,
Upt1 = w(n, uy), (2.5)

with a one-parameter local Lie group of symmetries, so the set of solutions of (2.5) is
mapped to itself and

Ups1 = w(N, Up) when Upt1 = w(n, uy), (2.6)

is satisfied which is called the symmetry condition.
Expand the symmetry condition (2.6) in powers of ¢,

Up11 = {un-i-l + GQ(R +1, un-i-l) + 0(62)}
Un+1=w(1,Un) Un1=w(n,un)
= wn,u,) +eQ(n+1,w(n,u,)) + O(?)
= w(n,Uy,), from (2.6)
= w(n,uy) + e (n,u,)Q(n, up) + O(e?), by (2.4)
by comparing coefficients of ¢, we obtain

Qn+ 1, w(n,uy,)) = w'(n,u,)Q(n, u,). (2.7)

This is called the linearized symmetry condition (LSC) for the difference equation (2.5).
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The LSC (2.7) is a linear functional equation that may be difficult to solve com-
pletely. There is no real need to find the general solution of the LSC, as a single nonzero
solution of the LSC is sufficient to determine the general solution of the OAE. A prac-
tical approach is to use an ansatz (trial solution). Many physically important Lie point
symmetries have characteristics of the form

Q(n, un) = aui + Bolin + Yn (2.8)

By substituting (2.8) into the LSC (2.7) and comparing powers of u,,, we obtain a linear
system of OAEs for the coefficients «,, 5, and ~,.

Example 7. [10] Find the characteristics of Lie point symmetries for

nu, + 1
Upt1 = m = W(TL, un), n Z 2 (29)
Solution. Do ) S
, _ Ow(n,un)  n”—
() = Ouy, (un +n)?

then the LSC for equation (2.9) is

nun—i-l) n?—1

U, + 1 = Q(n,un),

Q<n+1, (tn +m)?

with the ansatz (2.8), we get

2 _ _n%-1 2
an+1un+1 + 6n+1un+1 + Yn4+1 = (uZ—&-n)Q (Oénun + 6nun + 7n)7

but unﬂz%, SO
nu, + 1\ 2 nu, + 1 n?—1 )
67% + n — + n = 7 9 anun+ nun_l' n)s
+1<un+n> Bﬂun—l—n Tatl (un—l—n)Q( b 7)

multiplying by (u,, + n)?, we obtain

nzanﬂui + 2N Uy + Qi + nﬁnﬂui + (% + 1) Brs1tly + nPBns1 + ’yn+1ui + 2NV 41Uy
+ 121 = (0% — Doy + (n* — 1)Battn + (% — 1)y,,.
By comparing the powers of u, we get a system of difference equations:
u? terms : " i1+ MBni1 + Vo1 = (n® — Da, (2.10)

u term : 201 + (N 4+ 1)Bus1 + 209p 1, = (n* — 1), (2.11)
other terms : Qi1+ Bns1 + 102V = (02 — 1y, (2.12)
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subtracting (2.12) from (2.10), we get

Ont1 — Ynt+1 = Op — Yn,

SO
Qn, = Yo = ka1, k1 is a constant,

adding (2.12) to (2.10), we get
(n® + Dant1 + 2nBus1 + (0 4+ Dyngr = (0 — ) +70) (2.13)

subtracting (2.11) from (2.13) and adding (2.11) to (2.13), we get respectively
n+1

Unt1 = Prs1 + Yng1 = . 1(Oén —ﬂn—i‘%)a
n—1

n+1

Ant1 + 511—5—1 + Tn+1 = (an + ﬁn + 7n)7

which implies

n—1 .

1 -1

U — Bn + 9 = <sz1)k2:—n(n2 )k:g, ko is a constant,
=2

n—1 .
-1 2
ap, + Bn + Vn = (g ;L—F—1>k3 = mkg, kg is a constant.

We have a linear system of difference equations for the coefficients «,,, 8, and 7,

(679 — Yn = kl;
n(n —1
7% _5n+7n = %k%
2
o+ B+ = mk?n

solving the system for the coefficients «,,, 5, and ~,, hence

(n—1) 1

1 n
- T
T T
n(n —1) 1
L = —— L ks,
p 4 2 nin—1)""
1 —1 1
Tn = __k1+n(n )kz ks,
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so the characteristic

1, 1 1
+kg(Qn(n - 1)u” * n(n — 1)un * 2n(n — 1))
n(n—1)

2 _9 1 —

2.3.2 Second Order Difference Equations

For a second order difference equation,
Up+2 = (.U(TL7 Uy, un—i—l)a
with a one-parameter local Lie group of symmetries, the symmetry condition is

Upyo = W(N, Upy1, Uy) when  Upio = W(N, Upy1, Up), (2.14)

B
such that Bu:+1 # 0.

Substitute the Lie point symmetries of the form
n=n, Ty = Unsp + €Q(n + K, unyy) + O(€%), eeR (2.15)

into (2.14), we obtain

W(ﬁ, an—‘rla r&n) = w (TL, Unp+1 + €Q<TL + ]-7 un+1>7 Up + GQ(TL, un))

— winu ) + € Ow Ol ow 0,
= ) Yntly Yn 6ﬁn+1 Oe =0 8% Oe =0
+0(€%), using a Taylor series about € = 0
Ow Ow
= w(n, Upt1, Up) + €<aun+1 Qn+1,ups1) + 8%@(71, un))
+0(€%), (2.16)

from (2.15) we have

WP, U1, Ty) = Tngs = Unyo + €Q(N + 2, Upi2) + O(e?), (2.17)



2. Symmetry method 24

comparing equations (2.16) and (2.17),we get the LSC for second order difference equa-
tion:

QL) + Q) (219

Q(n + 27 un+2) = Q(n + 27 LU) = aunJrl Up,

Definition 6. [8/ The forward shift operator is defined by
S:n—n+1, Sy = Up oy

Definition 7. [8/ The infinitesimal generator X is

The Linearized symmetry condition (2.18) can be written as

S?2Q(n, up) = Xw.

This LSC is a functional equation and it is hard to solve. Lie symmetries are diffeo-
morphism. Consequently, () is a smooth function of its continuous arguments and so
the LSC can be solved by the method of differential elimination as follow:

e First step: Eliminating the first term of LSC of the second order difference equa-
tion, @(n + 2, u,12), by applying the differential opartor (L),

0 N OUpyr O
ou,, O, QUi
0 Ow/Ou, 0

ou, Ow JOUp 1 Oty

L:

to the LSC (2.18), since 597“; # 0 and

<8un 0 Oup

Oow Ou, Ow  Oupiq

) (Q(n + 2,w)) =0,

then
3} ow/Ou, 0

(8un C Ow [ OUp 11 OUpyq

) (Q(n + 2, w)) =0,
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SO

Qn+ L) + 22 Q. u,)) =0,

ou,,

(3 Ow/Ou, 0 > Ow

aun B aCU/aun+1 aun+1 aun+1

which implies

0w Ow [ Ou,, ( 0w Ow

Q(n+1,uny1) Q(n—+1,upy1) + Q(n+1, Un+1>

O 10Uy, C ow JOUn 1 \OUZ My
9w Ow /O, J%w ow _,
a_u% (nun) = Ow [y 1 <8un+18unQ(n’ tn) + (?_unQ (n,un)> =0

the last functional equation dose not include Q(n + 2, 4 2).

e Second step: Elimination Q(n + 1,u,41) and Q'(n + 1,u,11). After appropriate
calculations, differentiate once or more, as necessary, with respect to u, keeping
uny1 fixed, then we get an ordinary differential equation, we solve it if possible
and we obtain Q(n,u,) with undetermined coefficients as functions of n.

e Third step: To find these coefficients of the terms of (Q(n,u,), we substitute
Q(n,u,) in the equations that we obtained in previous steps which can be split
into a system of linear difference equations by collecting all terms with the same
dependence u,, and ;1.

Example 8. [10/ Find the characteristics of the Lie point symmetries for the second
order difference equation

_ N 2 _
Upt2 = € Upp Uy, = W(na Un+1, Un)a

Solution. Differentiate w with respect to u,.1, uy,

Ow n 9 w
= € un = s

8Un+1 Un+1

Ow = 2w

— =2 MUpiUy = —.

ou,, 1 Uy,
then

Mpyr  Ow/Oup,  2w/u,  2Unpp
Ou,  Ow/Ounpyi W/ Uny1 Uy,
The LSC is 5
w
Q(n+2,upyo) = Qn+ 1Lups) + —Q(n,uy), (2.19)

Up+1 Un,
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which is functional equation. By differential elimination we transform it to differential
equation as follows: apply the differential operator(L) on LSC functional equation

0 Oupyr O
L =
ou,, + Oou, Oupiq
. a 2un+1 a
B aun T < U, )aun—&—l’
. 8 2un+1 (9
0 = aun (Q(?’L + 2, U,H_Q)) — ( w m <Q(’I’L + 2, Un+2)>
0 w 2w
= (un+1Q(n + 1, Upg1) + u—nQ(n,un)>
2Upy1y O w 2w
_ 1 =
( T <un+1Q(n T ) + unQ(n’u">>
= 2 ) — 22Q( ) — Q0+ 1) + —Qn+ 1, ts)
= n, Uy, u n, Uy, w n s U1 . n s U1
we get
2w, 2w 2w,
0 = _nQ (na un) - u_%Q(na un) - u_nQ (n + 17un+1) + un+lunQ<n + 17 un+1)
1
= Q'(n,u,) — —Q(Z’ ) _ Q'(n+ 1, ups1) + Q(nz  Unt1) (2.20)
n n+1

Now, differentiate this equation with respect to u,, keeping u, ;1 fixed,

Q' (n,uy,) N Q(n,uy,)

Q//<n’ Un) - u, u2
= 4, Q" (n,un) — Q' (0, uy) + Q1 uy)

which is an Euler differential equation, whose solution is given by

Q(na un) = U, + 6nun In Up,
where o and 8 are functions of n. Substitute this equation into (2.20),

Qp +ﬁn + 571 In Up, — Oy, — ﬁn In Up — Op41 — ﬁn—‘rl - ﬁn—H In Un+1 + Ant1 + Bn—i-l In Unp4+1 = 07

then
571 - ﬁn-‘rl = 0,
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which implies
b =c,
assume ¢ = 3, = 0, then
Q(n, u,) = iy,
substitute this equation into LSC (2.19) in order to find «,, and since w = w12, we get
Un+2 2Up 42

Qp1Unt1 +
n+1 Up,

Ap42Un42 = nUn

which implies
Opyo — Opy1 — 20, = 07
the characteristic equation is
r?—r—2=0

and the characteristic roots are: » = —1 and r = 2, hence
oy = Cl(—l)n + 02(2)71,.

Thus,
Q(n,u,) = (a1(=1)" + 2(2)"uy,

2.4 Lie Symmetries to Solve Difference Equations

Finding Q(n, u,) in terms of u,, enables us to write the canonical coordinate in term of
u,, if we admit the tanslation on canonical coordinate as follow:

n=mn, S, = S, + €,

then the characteristic with respect to (n, s,) is

Qn,s,) =1=5"(n,u,)Q(n,u,)

and so

s | g

One of the main uses of a canonical coordinate is to simplify or even solve a given OAE.
The idea is to rewrite the OAE as a simpler OAE for s,; if the simpler OAE can be
solved, all that remains is to write the solution in terms of the original variables. To
use this approach, therefore, one must be able to invert the map from w, to s,. Any
canonical coordinate s,, that meets this requirement will be called compatible with the

OAE.
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2.4.1 First Order Difference Equations

It is not essential to use the general solution of Q(n,u,), a single solution can be used
to find s, and determine the solution of the difference equation. We suppose some
constants for the general solution of Q(n,u,) equal zero. The following example, after
Lemma, illustrate how the characteristic of the first order difference equation (2.9) can
be used to find the solution.

LEMMA 2.4.1. Let u,, be given, then the general solution of the difference equation

Up+1 — Up = f(n)v

is given by

n—1
Up, = Upy + Zf(k), for n > ny.
k=ngo

Example 9. [10] Use lie point symmetry to solve the difference equation

nu, + 1
Uy = ———, n>2

Up + 1 - uz = —1
n

Solution. From example (7) and for ky = 2, ko = 0 and k3 = 0,
Q(n,uy) =u2 —1

there is no canonical coordinate u,, = =£1, if uy = £1 then u,, = us. The appropriate
real-valued canonical coordinate is

1 Up—1 .
s _/ dun o §1I1 Up+17 |un| > 17
n - 2 - _
Uu —]_ l 1 Unp
n 2lnlﬁﬂn, |Un|<:1,

but uy > —1 which implies us € (—1,1) or (1,00) then w, belong to the same interval,

hence

1 Up—1

. §lnun+1, Uy > 1;
"Y1y, 1-u
§lnﬁ, |un| < 1.

The transformation from u, to s, is not injective since s,(u,) = sn(ul)7 SO s, 1s not
compatible canonical coordinate. To solve the difference equation and get u,, we seek
an injective transformation to ensure the compatible condition.Therefore the problem
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of solving the difference equation splits into two separate parts.

Case 1: if u, > 1, so
1. u,—1
S, = —1In ,
2 u,+1
therefore the map from u,, to s, is injective so the compatibility condition is satisfied

and s, is a compatible coordinate.

Now, consider the difference equation for s,

() ()
e T CTREE ) A R CYRRE |
1
= 5( n(tyq — 1) 1n(un+1+1)—ln(un—l)—l—ln(un—l—l))
= 1( (nu"+1—1>—ln(nun+l+1)—ln(un—l)—l—ln(un—l—l))
2 un—l—n Up + 1N
1 -1 1 1
- ( ( (n ))—lrl((un+ Jn+ )>—ln(un—1)+ln(un+1)>
2 un—i—n Up + 1N
1 (n—l)
2 \n41/
then
n—1 k 1
= 82+§Zln(k+1>
k=2
n—1
= 1ln(u2_1>—|—lln< —k_l)
2 \up+1/ "2 W g
1 ug — 1 1 2
2n<u2—|—1>+2n<n(n—1)>
= 1ln< 2uz — 1) ),
2 (ug + 1)n(n — 1)
SO

%m (Z::) - %hl((uQ 3—<11L§n_(nl)— 1))

_ (ug + D)n(n — 1) + 2(uy — 1)
(ug + D)n(n — 1) — 2(ug — 1)°

which implies
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case 2: if |u,| < 1, so

1 1—wu,
S, = =In ,
2 14+,

therefore the map from u,, to s, is injective so s,, is a compatible coordinate.

1 (1=t 1. [1—wu,
Sp41 —Sp, = —In{—— ) —=In

2  \ 14w/ 2 \1+u,

1

— In

2

n—1

- : <n—|—1>’
then

B +1§fl k-1

Y VRS
_ ol (20w
2 (14 ug)n(n —1)

SO

3 (;Zn) =5 ((1 fi);(u;)— 1))

(ug + )n(n — 1) +2(uy — 1)
(ug+1)n(n —1) — 2(ug — 1)

which implies

Unp

thus, this value of u,, is valid for all u,, > —1. The general solution happens to include

the solutions on which Q(n,u,) = 0.

2.4.2  Second Order Difference Equations

Using Lie point symmetries (Characteristics) to solve a second order difference equation
is similar to Lie point symmetries for solving first order difference equations. In addition
we need to utilize the invariant function which can reduce the order of the difference

equation by one.

Definition 8. /8] A function v, is invariant under the Lie group of transformations I',

if X (v,) =0, where X is the infinitesimal generator mentioned in definition (7).
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Consider the characteristic Q(n, u,) for the second order difference equation

Unpt2 = w(n> Un, un—i-l)

is known, the invariant v, can be found by solving the quasi linear partial differential
equation

v, v,
XUTL - Q(n) un)a_un + Q(n7 un+1)aun+1 = 07
then
du,, Aty 11 dv,

Qn,u,)  Qn,uyiq) 0’
that can be solved using the characteristic method. If the invariant function v, 1(n, ,, t,11)
can be written as a function of n and v, only, then v, can reduce the order of the dif-
ference equation by one, and we get u, 1 = f(n,u,,v,). The following example shows
how we can reduce the second order difference equation by one and solve a difference
equation for s, to obtain the solution of the second order difference equation.

Example 10. Consider the second order difference equation
-n 2
Upt2 = € Upp1Uy,

using the characteristic obtained from example (8) to determine the solution of this
difference equation.

Solution. from example (8), suppose ¢; = 1 and ¢ = 0, we get

Qn,up) = (—1)"uy
Now we want to find the invariant using,

dun dun-‘rl . dl)n
(—=D)ru, (=1, 0

duy, _ dun+1
take Chran = T then
In|u, |=—In|upe | +¢, then c=In| uyu,g

where ¢ is a constant, so
k1 = upu, 1 where ky = e,

we also have

du, dv,

U, 0
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then
v, =k, such that k= f(k1),

where k, ky are constants. Let f(k;) = ky, then
Un = Un41Un,

and

Un+1 = Up42Upy1
—-n 2
= € Up41UyUn+1

o —-n_ 2
= € U,.

Now, we want to solve this equation recursively, let vy be given then

2

V1 = v
Vg = e_lvf _ eilvé
vy = ¢ = e (e o) o
Uy = 6_3U92, = 6_3(6_26_1'2718)2 = 67111)56
Vs = 6—47& _ 6_4(6_36_2'26_1'42}36)2 _ 6_24032
Ve = 6751}52) _ 675(674673-2672-4671-8032)2 _ 6_571)84
hence,
Up =€ ZTL;O2(1_n—~_i)2i7}(2)71 = Up4+1Un
thus,
_ 1 n=2(1—nti)2 on
Upp1l = —€2i=0 (urug)” .

n

The order of the difference equation has been reduced by one. To solve the last equation
we need to obtain the canonical coordinate,

du.,
sn:/%ﬂ—l)”ln\un\,

—1)ru,
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then
Snt+1 = Sn (— 1)n+ I [upiq| = (=1)" In |u,|
(=)™ I g1 | + I fagy ]
= (- 1)n+ I [t 10|
= (=)™ 1n|u,]
= (1) B ()
SO

n—2 N\ 1 n
Snt1 — Sp = (—1)"'In (ezizo (1=n+i)2 (u1up)? )

which is a first order homogeneous difference equation. Let sq be given and by lemma
(2.4.1), we get

s, = S°+Z k—i—l 2(1—k+i)2i(uluO)2k)

i \E+1
= 1In|ug| +Zln (1=ki)2 (u1u0)2k)( Y

k 2 ) i —1)k+1
_ <|U0‘ H Yoy (I—k+i)2 (u1u0>2k)( ) )
The canonical coordinate is
Sp = (=1)"In |u,|

which implies

u, = exp[(=1)"s,]

- {( " ( ol H i (k2! 4y 40)2) 1)k+1>}

n—1
" k=201 L44)2¢ _1)k+n+1
- [ln<|u°|( DI (et (urug)?) ™" ﬂ

k=0

— |u0|(—1)n H (GZf:_()Q(l—k+i)2i (u1u0>2k)(_1)k+n+l
k=0
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Example 11. Solve the following OAE by finding the characteristic of Lie point sym-

metry and using it for reduction of order:
Unp,
= = 2.21
2 a+ bun+1un v ( )

Solution. Let us differentiate this difference equation with respect to u, and u,.

ow  a+buglngr — Duglngr a u? B aw?
ou, (a4 buntn3)? C(aFbugtng)? w2 w2
ow —bu?
= - = —bw?
Opg1 (a + bupun41)?
and so
Qg1 ow/ou,  aw’/ui  a
ou,  Ow/Ouny  —bw?  bu’

The linearized symmetry condition (LSC) is given by

ow ow
un+1@(n + 1, upy1) — u.

QN+ 2,upy2) — p) Q(n,u,) =0

aw2

Q(n + 27 un+2) + waQ(n + 17 unJrl) - u_QQ(na un) = 0.

n

Now, by applying the differential operator L to the previous equation, where

0 Oupyq O
L pr—
ou,, + Ou, Oupiq
we get
9 aun-ﬁ-l 0
o, <Q(n + 2, un+2)> + u, Oues (Q(n + 2, un+2))
0 9 aw?
= 8un — bw Q(n + 17 un-i-l) + u% Q(TL,U”>
0 Q4 L) + Qi un)
bu% aun+1 w n y Un+1 U% n, Up
aw? _, 2aw? aw? _,
- u_zQ (n7 un) - u3 Q(n7un> - U_2Q (n + ]-7un+1)

n n n

= 0
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multiply this equation by %

Q0 0) = Q) — Q0+ L) =0 (2.22)

n

differentiate the equation with respect to u,, keeping u, ., fixed .

Q@ (0, 12) — Q! ws) + Q) = 0

again multiply by u?
w2 Q" (n, up) — 2u, Q' (0, u,) + 2Q(n,u,) =0
which is an Euler Equation, whose solution is
Q(n, uy) = a(n)u, + B(n)uy,

thus,
Q'(n,un) = 2a(n)u, + B(n)

substitute into equation (2.22)

0 = 2a(n)u, + B(n) — 2a(n)u, —26(n) — 2a(n + uyey — B(n+ 1)
= —f(n)—pn+1)—2a(n+1)u,4

comparing both sides of the last equation, we have
a(n+1)=0and so a(n)=0

and we have also
Bn+1)+p(n)=0

which is a first order linear difference equation, whose solution is

where ¢ is constant. Suppose that ¢ =1 so f(n) = (—1)", which implies

Q(n,uy) = (—=1)"u,.
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We want to find the invariant using,

duy, dun-‘rl o dvy,

(=D)"u,  (=1)"lupy, 0

dun _ dun+1 : :
take T = D invariants,

SO
In|u, |=—1In|upe | +¢, then c=1In|uyu,q

where ¢ is constant, so
k1 = upu, 1 where ky = e,

we also have

du,  dvy,
w0
and so
v, =k, such that k= f(k;), f is an arbitrary function

where k, k; are constants. Let f(k;) = k1, then

Up = Up41Unp,

and
v — u . UnpUn+1 o Un
+1 = Up2Upp1 = ——F— — = .
" nen a ~+ bu, iy, a+ bu,
Now, we want to solve this equation
Un,
Upt1 = 2.23
" a+ bu, ( )
SO )
a
= — +b,
Un+1 Un
let
1
Zy = —,
U’Vl

this substitution converts equation (2.23) to the following first order linear equation

Zny1 —az, —b=0
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whose solution is

Case 1: ifa#1

SO

thus

- a”zy + b[“::ll], %f a#1
20 + bn, ifa=1

"1
Zn:an20+b|:a :|

a—1
Up = i = ! 17 — UnUnil,
“n arzo + b[aa—l :|
" B 1
T (anz + b[==])

To solve the last equation we need to obtain the canonical coordinate,

So

SO

Sn+1 — Sn

Spt1 — Sn = (—1)"1n

B / du,,
= ) Chra,

= (=1)"In |u,|.

"IN [t 1| 4 I ]

a” —1
a”zo—i-b(a_l)‘

, which is a first order nonhomogenous difference equation, by lemma 2.4.1
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then
n—1 ak 1
Sp = So —i—Z(—l)kln a®zy 4 b( ] )‘
k=0
- a® —1
_ k k —
- 1n|u0|+kz;(—1) In fa* 20+ b(—— )‘
The canonical coordinate is
Sp = (—1)"In|u,|
which implies
u, = exp((—1)"sy)
— ab —1
= exp ((—1)”ln|u0|—|—(—1)” (—1)*1In akzo—i—b{ . H)
a —
k=0
n—1 ak 1
= exp <ln e ) exp ( (=)™ 1In [a* 2 + b[ ] ‘ )
— a—1
Hn = ab — 17\
= ué_) exp(Zln(akzo—i—b{ 1}) >
k=0 =
n—1 k (71)k+n
“o H(auou1+ [a—l ' (2:24)

k=0

To verify our computations, we want to show that solution (2.24) satisfy equation (2.21),

which can be written as

Unp,

=a+ buyiuy,
Up+2
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The left hand side

n o _1\k+n
Unp o Hk (1)( ugUl +b[ - 11})( !
- n n B _1\k+n+2
Un+2 g) 1) " k é(a’ uUgU1L +b[ 11i| ( 1)
_1\k+n
I Ve Y G A= A
- n ak— _1)k+n
ag " T (ak s +o[25E)
T (" +ole) ™
= _1\k+n
1o (ah gy +0[2=])
1
o a1\ (D 17y (D
(CL u01u1 +b[a—11])( : (a' +1u01111 +b[ a+—11 1})
1
- n antl_ —{)2n+1
(an s +0[25]) TV (@ g o[ Y
(' o + o[ ])

n_ 1 a”—1
(a uUQU1L + b[ a—1 })
The right hand side a + bu,,1u,
n k (—1)ktntt n—1 k (=1)ktn
B e 1 a0 1
Unt1Un to H <a Ul * [ a—1 H Uoul a—1
k=0 =0
n k (-
_ (_1)n+1 (—1)" k 1 b a’ — 1 CL — 1
Yo Yo H(a u0u1+ [a—l 0u1 a—1
n—1 (,]_)kanJrl 1)n+n+1
1 k1 1
o L e D
- Ul a—1 Ul

k=0
?ﬁ ak 1 (=1Ftn
u0u1 a—1

k+n+1 n 1)k+n
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SO

b
a+ bu,u, = a+(an T er[an_l})

ugUl a—1

n+l 1 ba™t1—ba
a uoUl + a—1 + b

(a" o T 0[%5])
(@' + b))
+b]

n_ 1 a"—l])
(CL uUQU1L a—1

Case 2:ifa=1

Zn = 20 + bn

SO
1 1
’Un = — =
Zn 2o+ bn

= UpUn+1

and so
1

Up (20 + bn)

To solve the last equation we need to obtain the canonical coordinate,
/ du,,
Sp= | ——
" (1) uy,

= (=1)" In |u,|

Unp4+1 =

SO

Spt1 — Sn —1)" M I upyr| — (=1)" In |uy,|
)" I |t |+ In )]

(=)
(=)
(=)
G
(=)
(=)



2. Symmetry method 41

SO

Spi1 — Sn = (—=1)"In|zo + bn|,

which is a first order nonhomogenous difference equation, by lemma 2.4.1, then

S, = 30+Z V¥ 1n | 2o + bE|

n—1
= Infuol+ Y (—1)"In|zo + bk|
k=0

The canonical coordinate is
Sp = (—1)"In |u,|

which implies
u, = exp((—1)"s,)
n—1
)" In Juo| + (— )”Z(—l)kln]zo—i—bM)
k=0

]u0| ) exp (
k

= u{™"" exp (Zln 20 +bkz)( b k+n)

=

= exp

/\ /\
I

(—1)n+k In ‘Zo + bk‘ )

o

k=0
n—1
_ D 1 DEEn
= ,g(uou1+bk> . (2.25)

verifying the solution as in the previous case. As mentioned above, equation (2.21) can
be written as

Unp,

= a+ by, 1Uy,.
Un 42
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The left hand side

Unp

Up 42

a4 ok)

UQUL

Now, calculating a + bu,11u,

Up4+1Un

uf T (ks k) T
us ™ T (G + bk)
—1\n n —_1)k+n
u(() v 1;(1) (uolul +bk)( o
e _1\k+n
k:é (u01u1 + bk)( )
(e o) T
[T (g o)
n— —1)k+n —_1)n+n —_1\n+1+n
ITd (2 +0k) ™7 (A +0) T (s + b+ 1)
1
(ﬁ +bn)(fl)2n ‘ (ﬁ +b(n+ 1))(71)271-&-1
uOlul +b(n+1)
L +bn
UgUL
n n—1
(~1)n+? 1 (~1FFnEL 1 (~1)k+n
ug kHO (o H0F) ug kHO (o H00)
n—1
(-t 1 (cryemr 1 (~pyrtmt
+ bk +b
Uy Ug IH) (U0U1 ) (uOul n) kl_[ (uou1
L +on) YT
UpU1
L —l—bn)_1
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SO
+b 1+5b 1+ b
a Up+1Up — Up+1Up = -
+1 +1 ( 1 + b’I’L)
uUgUL
L 4 bn+b
_ uou1
( L bn)
uUQU1
uolul +b(n+1)
L 4t bn

uQUL

So our computations are true.

2.5 Higher Order Difference Equations

In order to solve an OAE of order k,
ow

Unptk = UJ(TL, Uy ony u?’H—k—l): ou ;é 0
n

using symmetry method, apply similar steps as those to solve second order difference
equation in the previous sections:

e Step 1: Write out the LSC for the OAE which is a functional equation.

e Step 2: Using differential elimination with appropriate differential operators and
suitable differentiation with respect independent variable to solve the LSC to get
a differential equation for Q(n,u,), and solve it if that is possible.

e Step 3: Substitute Q(n, u,) in equations obtained from step 2 and the LSC to get
the coefficients of terms of Q(n, u,).

e Step 4: After finding the characteristic Q(n,u,), we want to get the invariant v,
by solving the partial differential equation

Xvn = Q1) 20 4+ SO, 1) 2 44 571 Q(n up) 2

aun aun—',—l aun—i—p—l
solving this equation using characteristic method, we set

duy, dtin 41 . dun+p—1 L dv,

Q(n, uy) - SQ(n,uy) B SP1Q(n,uy) 0
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e Step 5: Write a compatible canonical coordinate s,, and solve a difference equation
for s, that would be written after finding the invariant

e Step 6: We get u,, from the canonical coordinate



3. FORBIDDEN SET OF THE DIFFERENCE EQUATION
U
UN+2([+1) - A+BUNJiI+1UN

In this chapter we will find a closed form solution for the difference equation
un
U sofiyqy = ——
D T DU yiy1Un

for even ¢. Then, we give full details for a special case © = 2 and for « = 0. Then we
solve (open problem 17 for even i in [3] ) by finding the forbidden set of these difference

equations. We assume that (ug,uy, us,. .., us—1) € R?" such that uouius ... us—1 # 0
and a,b >0
. . Uy ..
3.1 Solution of U, o(i11) = RS TR—. When i is Even

Consider the difference equation

Unp,

n+2(4 = = ny Un+4i ) oo U2p— 0. 3.1
Unt2(i4n) = oo W(Up, Unpit1), UoUiUsy ... Ugr 1 F (3.1)
Let r =7+ 1, be an odd number then

Unp42r = n = w, (32)

a + bty

Differentiate w with respect to u, and u,,

ow -+ buglyy — bUpUngyr a uy aw
- - Yy _7
ou,, (@ + buptpyr)? (@ + buptpr)? u? u?
ow —bu? ;
OUp gy (@ + buytpr)
and so
Mpyr ow/ou, _aw2 Ju? a

ou, _8w/8un+T_ —bw? :@'
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The linearized symmetry condition (LSC) is given by

ow ow
Q(n + 2T7 un+2r> - au—WQ(n + r, un—i—r) - aun

Q(n,u,) =0

2
aw
Q(n + 27, Upyoy) + b Q(n + 7, Upyy) — u_QQ(n’ up,) = 0.

n

Now, by applying the differential operator L to the previous equation, where

0 OUpyr O
L pu—
ou, * Oy, OUpyy
_ 9 e 9
- Ou, bu? Ouy 4y
we get
0 Q(n + 27, Upior) + 2 Q(n + 27, Upior)
aUn y Und4-2r bui 3un+r s Un42r
_ 9 —bw?Q(n +1,u )+a—w2Q(n Up)
- aun s Un+r u% ) Un
a 0 9 aw?
+@ aun+r —bw Q(n + 7, unJrr) + U_%Q(nv un)
which implies
aw? 2aw? aw?
u_QQ,(T% un) - u—gQ(na Un) - u_2Q,(n +r, un—i-r) =0
multiply this equation by %
/ 2 /
Q' (n,un) — —Q(n,un) — Q'(n+ 7, upyr) =0 (3.3)

n

differentiate the equation with respect to u,, keeping u, ., fixed

Q//(n, un) — %Q’(n, un) + U%Q(m Un) =0

n n
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again multiply by u?
w2Q" (n,un) — 2u, Q' (n, uy,) + 2Q(n, uy) = 0
which is an Euler Equation, whose solution is
Q(n, up) = anu’ + Bty

thus
Ql(na un) = 2anun + ﬁn

substitute into equation (3.3)

0 = 2a,u, + Bn — 20U, — 2671 - 2an+run+r - ﬁn-i-r

= _Bn - /BnJrr - 2an+run+r

comparing both sides of the last equation, we get
Qpir =0 and so a, =0

we have also
Bn—&-r + 577, =0 (34)

which is a 7" order linear homogeneous difference equation. The characteristic equation
of equation (3.4) is
AT+1=0 (3.5)

thus, the general solution of equation (3.4) is
Bn = Cl(—l)n —+ CQ)\? + Cg)\; + ...+ C,,«/\?_l

where {—1, A1,..., A\._1} are the characteristic roots and ¢y, ¢a, ..., ¢, are constants.
Suppose that ¢co =c3 =...=¢. =0 and ¢; =1, so 5, = (—1)", which implies

Q(n,uy) = (—1)"uy,.

To find the invariant,
dun dun+'r . d/U’n,

D (D)™ ey 0

duy, _ dun+r : :
take s = T invariants,
SO

In|u, |=(=1)"In|uy, | +¢=—In| upy,r | +¢, then c=In | u,upi,
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where ¢ is constant, so
ki = upuy,y, where ky = e,
we also have
du,, dv,,

and so
v, =k, such thatk = f(k;)

where k, k; are constants. Let f(k;) = kq, then

Up = Up4rUn,

and Uty 1 .
Untr = Unt2rlingr =4 + DUy U gy T a+ bu,
SO . .
- = +5b (3.6)
let !
Zn = e (3.7)

this substitution converts equation (3.6) to the following 7" order linear equation
Zpar — a2y —b =10 (3.8)

SO
Znar — Q2 = b

3.1.1 The Case a # 1
The characteristic equation of the homogeneous equation
Znar — @2p =0

18
N —a=0.



3. Forbidden Set of The Difference Equation . o(i11) = m 49

The roots of the last equation are

Hr = ar,
1 ,2n
pa = are'’r,
1 4nm
/’LS = a/rezr7
1 7;2(7‘72)‘”
/_1/7_71 = are T
1 Z.Q(r—l)ﬂ
MT = are T

So the soluation of the homogeneous part is

Zn = CLU/? + ég,ug + égug + -+ érfllljgfl + ér,u,’}

- 2nT

_ n PR A i
= ar(cl—i-cge T+ C3€

Anm R 7:2(7’—2)n7\' N Z.2(7‘—1)n7\'
r +"'+Cr—1€ T —'—CTe T )

n 2nm . 2nm (r—1)nm . (r—1Dnr
= ar (01 + cyCcO8S —— +c3sim —— + -+ + C._1 COS —————— +crsm—)
r r r r
r—1
2 . .
29nm . 2jnm
= c + Caj COS + €951 8In ,
: r r
J=1
where ¢q,¢9,¢3, ... ,¢._1,C, are constants and

C2j = Cjt1+ Crji1, Co41 = U(Cjp1 — Erjit),

for j=1,2,..., 5%
The particular solution is
b
s =
P l1-a
thus, the solution of equation (3.8) is
Zn = Znt 2y
r—1
2 . .
n 2inm . 2nm b
= ar <61—|—Z |:CQjCOST+CQj+1SIH , :|> -+ 1—a

J=1
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Given initial values zg, 21, ..., 2._1, the constants ¢, ¢, . . ., ¢, satisfy the following sys-
tem of equations

b =N
= I RS o
j=1
r—1
b 1 [ 24T . 29T
(Zl— 1_a)a r o= 01+Zl CQjCOST+C2j+1SIHT
j=1 L i
r—1
b 2 T 457 vl
(22— l—a)a r = cl—|—21 CQjCOST—f-CQj_HSIIlT
j=1 L i
r—1
b Creo [ 2(r — 2)jm . 2(r—2)j7]
(ZT_Q— 1_@)@ r = 01+Z Coj COS%—FC%_H sm(f)
Jj=1 = -
r—1
b r— T 2(r—1 2(r — 1)jm|
(Z'r—l — T a)a_ = = c1 + z; Caj COS ! . )]W + C2j41 81N 4 " )jﬁ
j=1 L i
then
c1 = ﬁ Cy = & C3 = % C = AT?I and ¢ & ¢, constants
1 A ) 2 A ) 3 A ) ; Cr—1 A T A ) T
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such that
1 1 0 . 1 0
. -1 . —1
1 coS 27“ sin 27” . cos =0T sin =17
. 2(r—1 21
1  cosix sin 4= ... cogz=br sin 2r=lr
'S8 T I '
A= B A S (r—=2)(r—1) (r—=2)(r—1)
— . — r—2)(r—1)m s (r=2)(r—1)7
I cos == sin =—== ... cos sin "
2(r—1 . 2(r—1 12 C (r—1)2
1 cos2r=br g 2=r cos =L sin =L
T T T
(Z() - lTba) 1 0 NP 1 0
_1 . —1 . -1
(21 — ll)a v cos & sin 2¢ . cos =17 sin =17
B\ 2 ' T 2(r_ 1) 2r—1)m
2 ) . . r
(22 — %)a v cos 4T sin 4r e cos = —/1T sin 2—=7T
—a T T T '
Al - b r—2 2(r—2)m - 2(r—2)mw . (r—2)(r—)m . (7’7;)(7‘71)71'
(ZT_Q — E)a_ r Ccos - S1n - ... Cos - Sin -
_r=1 2(r—1 . 2(r—1 —1)2 . —1)2
(o1 — 12 )a™ "+ cos (TT )™ gin (TT )t cos % sin %

e R

b r—2 b _r—1
. (Z’I‘—Q — T a>a T A(r_z)l + <Zr—1 - 1 a>a " A(T—l)l

such that Aj; is the minor of an element (5 +1,1) of Ay, j=0,1,...,r— 1
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1 (20— %) 0 . 1 0
1 (z1 — %)a_% sin 27“ o cos @ sin @
1 (22 — ﬁ)a*% sin 47” . COS @ sin @
Ay = : :
’ 1 (zr,Q — fba)a*¥ sin M ... cos (T_Q)ET_l)” sin (T_Q)Ef_l)”
1 (zr_l — %)a‘ﬁl sin w ... cos (Tfrl)% sin w
_1 b _2
:_(ZO_—)A02+<21_ >a TA12—(22— )Cl ALY
1—a 1—a —
b _r=2 b r—1
+o+ (Z'r—2 - )a  Ag—2)2 <Zr—1 T )Cl m Ap_1y2

such that Aj, is the minor of an element (j +1,2) of Ay j=0,1,...,r — 1.

1 1 (20 — =) 1 0
1 cos 27” (zl — ﬁ)a’% .. cos @ sin @
1 cos™ (20— &)ar ... cos 2T sin 207
Az = 2(r—2)m b\ _ (=2 (r—2)(r—1)m . (r_é)(r_m
1 cos o (ZT_Q - E)CL r ... COS Y S1n D
1 cos Q(T;l)” (zro1 — ﬁ)aj?l ... cos (r_:)% sin (r_:)%
b b
= (Zo — 1—>A03 — (21 — )a_%Am + (22 — )a_%Azzg
—a — 1—a

_r—1
o2 B

such that Aj3 is the minor of an element (j+1,3) of A3, j=0,1,...,7r—1.
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1 1 0 (20 — %) 0
. 1 . (-1
1  cos?E sin X (21 — L)a v sin =7
r 1—a 9 5 7“1)
1 cosit sin ix (zz — L)a - sin =—7
r r 1—a T
AT 1 — :
- 2(r—2 . ) r— 2)(r—1
1 cos =27 iy 2= (z,_g = )a gin =2r=br
r T l1—a
2(r—1 -1 _r=t1 —1)2
1 cos 207 gip (TT ) (z,._l 1ba)a sin T) u

b b 1 b 2
<zo — 1T>Ao (r—1) + (21 7 a>a7;A1(r—1) - <Z2 1 a>@7A2(r—1)

r—=2 b r—1
_TAT‘— r— _<T— - )_TA’V‘— r—
1_a>a (r-2)r-1) ~ \Fr1m )@ (r=1)(r=1)

such that Aj,_q) is the minor of an element (541, (r—1)) of A,—;, j=0,1,...,r—1.
1 1 0 . 1 (20 — =) 1
1 cos 27” sin 27” . coS (T_TI)W ( 21 — ﬁ)a -
1 cos 47” sin 47“ ... cos Q(Tzl)” (22 — La)a :
Ar = Ar—Dr . 2Ar—2)m (r—2)(r—1)x by =2
1 cos=— sin =— cee COS T —— (z,,_g — E)a v
1 cos Q(T:D” sin 2(7":1)” ... cos @ (221 — 1_Ea)a_ =
= 20Q0, — 2181 + 2080, — -+ — 2, 2 A(_2)r + 21 A _1)r
b
1 _ (AO’I‘ Alr + AQT -t A('r—2)7“ + A('r—l)?“)
b b b
= (Zo — —>A0r - <21 - )a_%Alr + (2’2 — >G_%A2r
1—a 1—a l1—a
b r—2 b r—1
-t r—2 _TArfr_<rf_ >_TAT7T
(Z 2 1—a>a =2 =\t T, ) (r=1)
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such that Aj, is the minor of an element (j +1,7) of A, j=0,1,...,r—1.

So
A,
“ = X
14 b
_t
— Z (_1)t+x+1( - )(Z TAtx
t=0
1A 1 b
_ ( 1)t+x+1 _ )a_iAm, r=1,2, T
A —0 Utut+r 1 a
thus,
1 A b
. t

coj = Y (=) Ja”r Auj)
A — 1-—
12 1 b

S 1)t - A
2 t:()( Uglhpyr 1 — a)a 1)
1 b
; _t
Cojr1 = Z;(_Utwgﬂﬂ(zt - a)a " Ag2j1)
r—1
1 1 b ¢
= — —1) — Ay

A =0 Utut+r 1 (I)a t(2j+1)

The invariant v,, is given by

1

vy, = —
Zn

1
- n r—1 9 9 b = UnyrUn
n 2 jnm s 2jnm
ar (Cl -+ Zj:l |:C2j COS — + 02j+1 Sin T]) + ia
and so ]
Upyr =

[a% (cl + ZE [czj cos Qj;” + Cgj41 SIn Qj;‘”}) + ﬁ] un.

To solve the last equation we need to obtain the canonical coordinate,

. _/ du,
" (=1)muy,
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= (=1)"In |u,|
SO
Sntr — Sn (=)™ I funr| = (=1)" I fup|
= (=1)"" I fungr| + In fun|]
= (=1)"" In |up gty |
= (=1)""Inlv,|
1
= (—1)’”rl In p— : ,
ar (Cl + Zjil [ng CcOS @ + C2j+1 sin 2]#]) + %
r—1
=N : '
" 2jnm . 2jnm b
— -1 n+21 - . .
( ) nla (cl—i—;[@]cos . + C2541 81N . ])+1—a
and so
r—1
N 2 27 27 b
Snpr =80 = (=1)"In{a” (c1 + Y [oa; cos LT 4 e sin 0] + 1 —a

j=1

which is a " order non homogeneous difference equation that can be solved recursively.
Let sg, s1,...,5,-1 be given and let
r—1

f(n)=(=1)"In|a~ (a1 + Z [ca; cos

J=1

2gnm . 2gnm b
T 4 gy sin ™ D+1—

then
Sp4r = Sp + f(n)

Sy = 80+f(0)
r)

sor = S+ f(r) =80+ f(0) + f(r)
Sy = Sor + f(2r) = so + f(0) + f(r) + f(2r)
Sap = S+ f(3r) =50+ f(0)+ f(r) + f(2r) + f(3r)
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so, for n = mr, m=1,2,3,...

Sn=Smr = So+ f(0)+ f(r)+ f(2r)+ fB3r) + ...+ f((m—1)r)

m—1
= S + Z f(kT)
k=0
but
7‘;1
27(kr)m . 29(kr)mw b
f(kr) = (=1 In ak(cl —l—jzl [CQjCOS j(T ) + c9j41 8in ](r ) ]) + 14
r—1
2 b
kr k
= (—1) In|a (Cl+jZ:;CQj) + 1—a
hence,
m—1 r;l b
Sy = S0 + Z(—l)rk In |a* (01 + ZCQJ‘) + = (3.9)
k=0 7j=1
Also
Sp41 = s+ f(1)

Sorp1 = S+ f(r+1)=si+ f(1)+ f(r+1)
S3r41 = 82r+1+f(27"+1> 281+f<1>+f<7”+1)+f(270+1)
Sirp1 = Sy + fBr+ 1) =si+ f()+fr+1)+ fCr+1)+ fBr+1)

so, forn=mr+1, m=1,2,3,...

Sn="Smrs1 = s1+f)+flr+1)+f2r+1) 4+ f((m—1r+1)

m—1

= sl—i—Zf(k;r—i—l)
k=0
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a+bupi11Un

but
. j(rk +1)m . 2j(rk+ 1)m b
frk+1) = (=)™ In|a - Cl+z CQJCOS + €941 8in . D—i_l—a
r 1 2 2]77 . 2]71' b
= (_1) k+1 In ak"f‘r (Cl + Z [CQJ' Ccos T + Coj41 81N T]) + 1— 4
hence,
- 2 b
Smr4+1 = S1 + k_o(_1>rk+1 In |a* cl + Z C2; cos —_— —|— Coj41 SN . D + T—al
(3.10)
Also

Sryz = So+ f(2)

Sorya = Spya+ f(r+2)=s0+ f(2)+ f(r+2)

S3rpe = Sopgo+ f(2r+2)=so+ f(2)+ f(r+2)+ f(2r +2)

Sarqy2 = S+ fBr+2) =5+ f(2) + f(r +2) + f(2r +2) + f(3r +2)

so, forn=mr+2, m=1,2,3, ...

Sn = Smr42 = 52+f( )+f(7°+2)+f(27’+2)++f((m—1)7"+2)

= 32+Zf (kr +2)

k=0

but

: - 2j(kr + 2 25 (kr + 2
flkr+2) = (=1)""?In a (Cl_'_Z[C?jCOS—j( L )W+C2j+1SiH—]( L )W]

r r

. 2 2 497 . Aym b
= (—1)k +21n ak+r (Cl + Z [CQJ' cos T + Coj41 81N T]) +

1—a

n b
1—a
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a+bupi11Un

hence,

m—1 T; . .
4 4 b
Smrio = 52+kz:%(—1)"”+2 In |aF+? (01 + z:: [caj cos % + C9j11 sin iﬂ}) + |

A1
Recursively up ton =mr + (r —1), m=1,2,..., we get 10
m—1
Sn = Smrt(r—1) = 52 + Z f(kr + (r — 1))
k=0
and

r—1

r(r— 2 27 -1
ak +(T 1) (61 n Z [Czj cos ](k?” + (7“ ))7T

flkr+(r—1)) = (—1)kr+=U1p .

Jj=1

+Coj41 sin
J T 1—a

2j (kr + (r — 1))7r}) N b

r—1

ak—l—?“;l (01 + Z [ng cos Q(T — 1)]71-

— (_1>k'r+('r—1) In

A r
7j=1
. 2(r=1)jm b
+C2j+1 S11 ” }) + 1—a
hence,
'r 1
- 2(r—1
Smr+(r71) — r 1) _|_ Z kr+r 1 ln ak?"l‘ ™ C]_ +Z CQ] COS%
7j=1
o 2(r—=1)m b
+cgj41 8in %D + ol (3.12)

Now, from (3.9,3.10,3.11,3.12) we obtain, for n = mr +1, m = 1,2,... and [ =
0,1,2,....r—1

m—1

Sn = Smr+l — Si + Z(—l)kr—H In
k=0

25T
a® cl—i-z C2j cos—

2y b
])+

+Cg711 SIn .
J 1—a
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The canonical coordinate
Sprar = (=)™ Jtpmr |, m=1,2,3,... and 1 =1,2,...,(r —1)

which implies

Umr+1 = €XP (<_1)mr+lsmr+l)
r—1
m—1 2 . . (71)T(k+m)
—pmr gl 2lj7T . 2lj7T b
— “z( H (a +r(cl+z [CQjCOST+CQj+1Sln . ]) + T (3.13)
k=0 7j=1
Now, to determine the forbidden set. From(3.20), n = mr +1
r—1
m—1 2 . . (—1)7Ch+m)
B L (—pmr L 2y . 2lgmw b
Up = Uppql = U H (a + (cl—l—z [ng cos T+02j+1 sin T] )—|— 1—a
k=0 j=1
let
= 2lgm 205 b (=1yrtrm
l .
film, k) = (akﬂ (Cl + ; [czj cos - + ¢9j41 8in D + T a)

then
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1 r—1 1 b
m,k) = kL1 Y B iy
fi(m, k) ( ([A >V (s ~ 7o)
7"51 _1 r—1 1 b 2jlﬂ-
+ _ 1)ttt _ a’iA 2l
j; LA t:O( ) Ul 1 — a) t(QJ)_ ,
S Y (—1)3(k+m)
2 1 r—1 1 b t 2]l7T b
+ R -1 t o —;A ' '
; A = ) Uty gy 1 — a)a tj+1) | S — ) o
r—1 1 l 1 rgl ) 2jl7r
- e ! t+1
— a”t = (=1)"Ay + —(=1)"" A2 cos —
(; utut+7‘ (A t ; A t(2]) .
r—1
~ 1 2jn
T ZZ(_l)tAt(2j+1) sin )
j=1
r—1
b r—1 -t 1 It 2 1 2jl7r
1-a (GH T Z<_1)tAt1 +oatt Z Z<_1)t+lAt(2j) coS —
t=0 fo=
r—1 (71)3(k+m)
Loy~ _2jir
+ gkt K(_l)tAt(2j+1) sin —_ 1) (3.14)
j=1
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Un

Un+2(i4+1) = a+bupi11Un 61
r—1
UpUiUs - . . U1 (1 — @) [ugtiyy, S (i(—l)tAﬂ
=0 UgUTUY . . . Ugr_l(l — a) A
r—1
1 271
£ R (D Ay cos =
7=1
r—1
1 2l
+ Z_(_l)tAt(2j+1) sin )
= A T
r—1
_ UoUiUp ... Ur— 1b o +i=t 1 1>tA
UgULUg - . . Ugp—1 (1 — a) — "
r—1
1=t = 1 2jl71’
b 3 L 91,020
=1 "
r—1 (_1)3(k+m)
1t e 1 29w
+ CLk+ T Z(_l)tAt(Qj-i-l) Sin J - 1) (315)
7=0

Now, we have the following

1. if k+m = even number for some m and k, from (3.15) we have f;(m, k) is defined

where

UgU U3 - . . Ugp_1 7 O

2. if k4+m = odd number for some m and k, from (3.14) we have f;(m, k) is undefined
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when
r—1
r—1 -
1 -t 1 1 2 lﬂ'
0 = M (—1)A DA
Zutut+r (A( ) 1t+ZA( 1) ZMCOS—
t=0 o
r;l
1 27lmw
+ ZZ( 1)tA(23+1)t sin 22 >
§=0
b r—1 l 1 l r;1 . 2jlﬂ-
k+—= t k=t t+1
_1—O,;< TK<_1)AU+G/ T jZIK( ) AQ]tCOST
rgl
=t 1 2jlm
+ gkt Z( 1) A(2j+1)t sin — 1)
§=0
r—1
1 b
- Z Sk — ] &k
=0 tlt+r -
where
r;l
= (1 1 25l
gik = ak+ = (Z<_1)tA1t+jZIZ( 1)t+23+1A(2])t cos 2228
r—1
—~ 1 2l
+ Z_( )t+2]A (2j+1)¢ SN )
=0 A r
1 7‘51
r— I—t 1 1—t 1 ) 2jl7T
é.;c = (ak-i- - Z(_l)tA . + a += Z(_1)t+2j+1A(2j)t cos
t=0 o
r—1
AN ~ _2jlr
—+ akJr = K(—l)t+2jA(2j+1)t sin " _ 1)
Theorem 3.1.1. let ug, uy, s, . .., us.—1 be given real number such that uguius . . . ug,—1 #

0 and let a # 1. The forbidden set F of the difference equation (3.1) is given by
F=FUFU,...,F 1 where

oo r—1

-U{Z G

b
& — _agli):[)}, [=0,1,...,7r—1

Ut Uty
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3.1.2 The Casea =1

The characteristic equation is

AN —a=0.
So the characteristic roots are
>\1 17
)\2 = €i2T7T s
/\3 €i477r s
2(r—2)w
)\r—l = e
2(r—1)m
A = €7 7

2inm . 2inm
Zn = €1+ C9; COS —— + C2j+1 S
i=1 "
where ¢, co; and ¢4 are constants, j =1,2,..., % The particular solution is
b
Z, = —N
Py
thus, the solution of equation (3.8) is
Zn = Znt 2y
r—1
2 . .
2inm . 2nm b
= c + z; {c% CcoSs . + €941 81N + ;n
]:
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Given initial values zg, 21, ..., 2._1, the constants ¢, ¢, . . ., ¢, satisfy the following sys-
tem of equations

r—1
2

20 = Cl‘i‘g Co;j
Jj=1

r—1

b T 297 29|
Z71—— = -+ Z C9; COS il + C9j41 81N kil
T oL T ro|
rgl
2b [ 45 447
Zp—— = -+ Z Ca; COS el + Coj41 81N n
T oL T T
r—1
r—2)b = 2(r — 2)jm o 2(r—=2)j7]
Zr—2 — u = ¢+ Z Ca; COS g + Coj41 5111 M
" j=1 Lt r r ]
r—1
r—1) T 2(r — 1)y C2(r = 1)jm]
Zpr—1 — —( ) = + Z ng COS —( )j + CQj+1 Sin —( )]
" j=1 L r r |
then A A A A A
01——17 02——2, 03——3, , Cr1 = rol and cT:—T
A A A A A
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such that
1 1 0 1 0
1 cos & sin 27” cos T=Um sin =~
1 cos 4T sin 4z cos Q(T:U” sin 2“:1)”
A= :
1 cos 2(7";2)# sin 2(7“;2)7r COS (r=2)(r—1)m sin (7“—2)(:—1)71'
1 cos 2(7“;1)” sin 2(7";1)” oS (ij sin (Tj)%
20 1 0 1 0
21 — g cos & sin 27” cos =T sin TI)”
29 — 2%’ cos 4x sin 47“ cos 2= sin Q(T;l)”
A =
2y — (r—2)b COoS 2(r—2)mw Sin 2(r—2)m CoS (r=2)(r—1)m sin (r=2)(r—1)m
2y — (r—1)b COS 2(r—1)mw sin 2(r—1)mw COS (r—1)27 sin (r—1)27
b 2b r—2)b
= 20Q0 — <21 - —> A+ (22 - 7>A21 - (erQ - ) )A(r72)1

such that Aj; is the minor of an element (j+1,1) of Ay, j=0,1,...,7r—1.

20 0 1 0
1 Zl—f—f Sinsz cog@ Sin@
1 2o — 27b sin 4Tﬂ— . COS u sin 2(7‘;1)#
Ay = ‘ :
I 29— @ sin M oS (T*2)$qr*1)w sin (T*Q)Eqrfl)ﬂ—
1 Zr—1 — @) sin u L. CcoS (Tfi)%'r sin (7‘71)277
b 20
s (3= (3~ D)o
r—2)b r—1)b
o (Zr—Q _ ( - ) )A(r—2)2 _ (Zr—l _ %)A(r—lﬂ
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such that Aj, is the minor of an element (5 +1,2) of Ay j=0,1,...,r — 1.
1 1 % . 1 0
1 cos?r z—2 .. cos =T sip =0~
T T T T
1 cos & 2y — 2 . cos 2r=1r sin 2=br
' r r r
Az = :
1 cog2t=ar  , __ (=2 cog == (=2) (D)
r—2 r o p
1 cOSs 2(7“—1)71’ z _ (T_l)ba*r%l CcoS (T_1)27T Sin (7'—1)271'
r—1 r e .
2b

= 20003 — <z1 — ;)Am + (22 — 7>A23

- = <Z'r—2 — M)A(r—m + (Zr—l - M)A(r—l)?)

r T

such that Aj3 is the minor of an element (5 +1,3) of A, j=0,1,...,r — 1

1 1 0 e 20 0
. . 1
1  cos sin¥ .. 2z — 2 gin =07
g 4 J . 2(r 1)
1 cos 3T sin 4% 29— 2 sin =———
T T T T
Ar—l -
2(r—2 . 2(r—2 —2)b —9)(r—1
1 cos A=A gy 20=2m PR i) L P Gl it D i
T ' T T
2(r—1 - 2(r—1 —1)b . —1)2
1 cos (TT L (Tr ) PR T) sin T) u
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such that Aj,_1) is the minor of an element (541, (r—1)) of A,—;, j=0,1,...,r—1.

1 1 0 .. 1 20
. -1
1 cosZE sin 2& cos =17 2 — 2
) .4 2(7"11)# 2rb
1 cos T sin 4T cos S—— 2y — 22
T T T T
A, = ' :
2(r—2)mw - 2(r—2) (r—=2)(r—)=w (r—2)b
1 cos sin ... cos—A—2 oz o —
T T T T
2(r—1 . 2(r—1 —1)2 —1)b
1 cos (TT )™ gin (TT L cos & T) L i r)

such that A;, is the minor of an element (j +1,7) of A,, j=0,1,...,r —1.

So
@ = A
1 <= 1 tb
= — (—l)t”“(———)Am , x=1,2,...r
A — Uplpry T
thus,
r—1
1 1 tb
= 1 t+1(_ - "7 A )
¢ = X t:()( ) (utum ) Az
r—1
1 1 tb

4 = — —1) — VAsos

C2j+1 A t:O( ) Ugty r) t(25+1)

The invariant v,, is given by
1
vy = —
Zn
1
= T = Up+rUn

—
) ) 2jnm ) s 2 nm b
c1 + Z]’:1 [02] cos =L + cojyq sin 2 } +on
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and so
1

Un4r =

(01 + Z] 1 [czj cos 22T 4 ¢yt sin ]m] + n)

Using the canonical coordinate,
/ du,
Sp= [ ———
(—1)run

— (~1)"Inu,l
SO

r—1

Sptr — Sp = (=1)"In|c; + Z [CQJ‘ cos

=1

2inm . 2jnm b
]+ 2n

+ Coj41 81N

which is a 7* order non homogeneous difference equation that can be solved recursively.
Let sqg,$1,...,5,_1 be given and let

r—1

f(n)=(=1)"In|¢; + ZQ: [02]- coS 2jnm + cgj418in ijT] + Sn
j=1
then
Sptr = Sp + f(n)

S = So+ f(O)

Sor = 87«—|—f(7’)280—|—f(0)+f(7">

S3 = 8o+ f(2r) =50+ f(O) + f(r) + f(2r)

Sar = 83+ fBr) =s0+ f(0)+ f(r)+ f(2r)+ f(3r)
so, for n = mr, m=1,2,3,...

Sn=Smr = So+ f(0)+ f(r)+ f(2r) + f(3r) + ...+ f((m —1)r)

m—1
= S0+ Z f(kr)
k=0
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a+buntit1un

but
& 2jk 2krm; b
flkr)y = (=D 1In|e; + Z [ca; cos JOTT C2j418In J rﬂ} + ;kr
j=1
r—1
DT (e 3 ) b
j=1
hence,
m—1 r—1
Smr = S0 + Z(—l)kr In |a* (01 + Z 02]-) + bk|. (3.16)
k=0 j=1
Also

Spr1 = s1+ f(1)

Sorp1 = S+ f(r+1)=si+ f(1)+ f(r+1)

Sgrp1 = S+ f2r+ 1) =s1+f(1)+fOr+1)+ f(2r+1)

Sgrp1 = S+ fBr+ 1) =s1+ f()+ f(r+1)+ f2r+1)+ f(3r+1)

so, forn=mr+1, m=1,2,3,...

Sn=>Sm+1 = s1i+f)+fr+1)+fr+1)+ -+ f((m—1)r+1)

m—1
= sl—l—Zf(kr—i-l)

k=0

but

(rk+1 2j(rk +1 b
ferk+1) = (=)™ 61+Z CQJCOS (rk+ D —l—cgﬁlsinu}—l—;(rkle)

257 b
= (=)™ |c; + Z Ca; cos Ty Cojy18in ]—} + bk —|— -
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hence,

r—1

m—1 P} . .
257 29w b
Smr41 = S1+ E (=)™ 1n|c; + g [ng COS]T + c9j41 8in ‘77] + bk + ok (3.17)
k=0

=1
Also
Spp2 = S+ f(2)
Syrpe = Sppa T f(r+2) =5+ f(2) + f(r +2)
Sary2 = Soyqa+ f(2r +2) =50+ f(2) + f(r +2) + f(2r +2)
Sarp2 = Sypa+ f3r4+2) =s2+ f(2) + f(r +2) 4+ f(2r +2) + f(3r +2)

so, forn=mr+2, m=1,2,3, ...

Sn=Smrs2 = So+ [2)+fr+2)+f2r+2)+-+ f((m—1)r+2)

m—1
= 32+Zf(kr+2)
k=0
but
r—1
: 27 (kr + 2 2j(kr + 2 b
flkr +2) = (=D 2In|c + Z [ca; cos 2j(hr + 2)m + C9j41 sin u} + —(kr+2)
= r r r
=z 2 2 %
= (_1)kT In|c; + Zl [CQj Ccos - + Cgj41 81N T} + bk + e
j:
hence,
r—1
2 . .
. 29T . 2w 20
Smr4o = S + (—1)’C In|c; + Zl [Czj coS - + C2j41 Sin T} + bk + - (3.18)
J:
Recursively up ton =mr + (r—1), m=1,2,..., we get

m—1

Sp = Smrt(r—1) = S2 + Z f(/m’ + (r — 1))

k=0
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a+bupi11Un

A r
7j=1
2(r — 1)jm r—1)b
+C2j41 8In " )j } + bk + ( . )
hence,
rgl
- 20r —1)gm
j=1
2(r —1)g r—1)b
g sin %} kg & - bl (519

Now, from (3.16,3.17,3.18,3.19) we obtain, for n = mr +1, m = 1,2,... and [ =
0,1,2,....,r—1

r—1

m—1 B) .
L5
Sn = Smr+l — Si + Z(_l)kTJrl In c1 + Z [CQJ' COS i
k=0 j=1 "
2L57 lb
“+Cgj41 Sin J ] + bk + "

The canonical coordinate
St = (=)™ 0 |, m=1,2,3,... and [ =1,2,..., (r—1)

which implies

Umr+1 = €XP ((_1)mr+lsm7"+l)
m—1 21 lﬂ. lb (-1) r(k+m)
= Ul(_l H <Cl +Z Ca; Cos +62]+1 sin i } + bk + 7“) (3.20)
k=0

Now, to determine the forbidden set, from(3.20), n =mr 4+ 1,0l =0,1,...,r —1

r—1

m—1

JT .
Up, = Ump4l = ul H <01 + [02]- CcOos T + Coj41 81N
k=0 =
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let
r—1
2 215 . 2w b (—1)rktm)
film, k) = (01 + Zl [c2 CO8 == + ¢y 5in = ] + bk + ?>
j:
then
1 r—1 1 tb
m, k = R -1 t _ A :|
film, k) ([A ;( ) (utum T) "
. 1 r—1 1 1 tb 2l
! A (D)™ (—— = _)At(Qj) cos
7=1 t=0 Utlpyr T ”
* [ S( (A 2l Kbl (2
A B - j sin
Jj=1 A t=0 Ut Uty r t(2j+1) . .
r—1 1 1 7‘51 1 2]l7r
- A _1 tA _ _1 t—‘,—lA ) ajim
( UtUttr (A( VA + Z A< ) #(2j) COS .
t=0 =
; 1 25l
T Z _(_1)tAt(2j+1) sin )
J=1 A T
1 7‘;1
1« 1 1 it
— tb — _1 tA + 1 _1 t+1A o
th; ( (1) 8 ;A< ) t(27)

(—1)3Ck+m)

1 2,1
T (=) Az sin jrﬂ — kbr — lb>> (3.21)

5
|
-

]

=
Il
—
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a+bun+i+1un
r—1
UQULUs « - - Uy 1T [ Uty yr ( 1 (—1)'A
A\ t1
=0 UoULUQ . . . U2p—1T A
2l
+ Z A t+1At(2J COS T
r—l
2l
Z 3V S s 2
_ UgUilUs ... Uzr—1 A
UoULUY . . . U2p— 1’/' o t
1 2jlm
+ —(=1)" Ay cos ——
= A "
r—1 (_1)3(k+m)
~ 1 25lm
D R (D Argggy sin == — kbr lb) (3.22)
T
j=0

such that wouqus . .. us,._17 # 0. We have the following results,

1. If k+m = even number for some m and k, from (3.22) we have f;(m, k) is defined
where

UgU U3 - . . Ugp_1 7 O

2. If k+m = odd number for some m and k, from (3.21) we have f;(m, k) is undefined
when
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— 1 2jlm
0 = ( Aﬂ +Z t+1At(2] COS J
o Utlttr
rgl
1 . 29w
+ ZZ<_1)tAt(2j+l) S1n J )
j=0
1 r—1
1« 1 .1 2jln
- ZtZ’(K(— ) A+ Z (D Ay cos =—
t=0 j=1
r;l
1 251
+ D R (D Bigyany sin = — kbr = lb)
7=0
r—1
1
= & 5
o Utlttr ok
where

1 1 2l
& = (—(_1)tAt1+Z_( 1)t+2j+1A #(2j) COS ——
A = A r
r;l 1 '
+ ZZ(—UH% Ag(zjr1) sin
j=0
r—1 2iln
& = Z b( Atl‘l—z 1) Ay g cos J
t=0
r—1
1 , . 2glm
+Z Z<—1)t+2jAt(2]‘+1) Sin
§=0

Theorem 3.1.2.

2

Let ug, uy, us, . . .

, Ugr_1 be grven real numbers such that uguius . .

25lm

)

— kbr — lb)

- Ugr—1 7é

0 and let a # 1. Then the forbidden set F of the difference equation (3.1)is given by

F=FUFy-

UF! where
00 r—1 1 1
]:l—U{ < ftk——ﬁk)—o}
ey \—o NUtUttr
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3.2 Dynamics

In this section we study the dynamics of difference equation (3.1), we concentrate on
the equilibrium points and asymptotic stability of this equilibrium points.

3.2.1 Equilibrium points and stability

We investigate the equilibrium points of the difference equation (3.1) where a,b are
real numbers such that @ < 1 and the initial condition wug, uy, ..., U241 are also real
numbers.

Definition 9. [7/ The equilibrium point @ of the difference equation
Up+k :f(u07u17"'7un+k—1)7 n:OJ]‘7"' (323)
is the point that satisfies the condition

u= f(u,u,...,u).

The equilibrium point of our difference equation (3.1) is

_ U
U=—7-:-=
a + bu?
then,
_ _ 1—a
u=20 or u==+ o

Definition 10. /7] Let @ be an equilibrium point of equation (3.23)

(a) The equilibrium @ is called locally stable if for every € > 0, there exists 6 > 0 such
that if {u, }5°, is a solution of equation (3.23) with

lug — a| + -+ -+ [Upgp—1 — 0| <6

then
lu, —u| <e, forall n>0.

(b) The equilibrium u is called locally asymptotically stable if it is locally stable and
if there exists v > 0 such that if {u,}>°, is a solution of equation (3.23) with

|UO—"EL|+...+"LLn+k,1—'L_L| <7
then

lim u, =@
n—o0
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(c) The equilibrium  is called a global attractor if for every solution {u, }°, equation
(3.23), we have
lim u, = u

n—oo

(d) The equilibrium @ is called global asymptotically stable if it is locally stable and is
a global attractor .

(e) The equilibrium @ is unstable if it is not stable.

(f) The equilibrium point @ is a source or a repeller, if there exists r > 0 such that for
every solution {u, }°, equation (3.23), with

[ug — @l + |ug — @] 4+ - + |[tuppp—1 — 0| <7

there exists N > 1 such that
luy —a| >r

Clearly, a repeller is an unstable equilibrium.

3.2.2  Local Stability of The Equilibrium Points

To study the stability of the equilibrium points, we find the linearized equation of the
difference equation.

Definition 11. [7/ The linearized equation of difference equation w,+x = f(Unig—1,-- -, Un),
of order k, about the equilibrium point z is defined by the equation

Untk = P0Rn+k—1 T P12nt+k—2 -+ + Pk—1%n,

where

of(a,a,...,u)

3un_j

Theorem 3.2.1. [7/ Assume ¢; € R,j =0,a,...k — 1, then

k—1
> gl <1
=0

is a sufficient condition for the asymptotic stability of the difference equation

P = s jIO,l,...,k—l

Znik t Q2ntk—1+ 0+ Qezn =0, n=0,1,2...
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From previous definition, we find the linearization of our difference equation (3.1).

Consider

x
w(z,y) = P
then
(2.9) a + byx — byx a
Wy (T = =
T T G by (a o bya)?
and ;
wy(z,y) = m
which implies
o a
w, (U, u) = e
and b2
o —ou
oyt ) = )

The linearized equation is
Znga(irt) = Wy(U, W) zntipr + we (U, )z,
—bu? N a
Zn42(i+1) = 7o Anti T o5 4n
i.e.

bu? a

Znto(i+1) + mznﬂ‘ﬂ - mzn =0

Local Stability of The Zero Equilibrium Point

By substituting @ = 0 in the linearized equation (3.24), we get

1
Bn42(i41) — azn = 0.

By applying theorem (3.2.1) to the equation, we get
1

a

<1

is a sufficient for the asymptotically stable of the difference equation, then
a€ (—oo,—1)N(1,00)

but a < 1, thus
—oco<a<—1

(3.24)
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Theorem 3.2.2. Assume that —oco < a < —1, then the zero equilibrium point of
equation (3.1) is local asymptotically stable.

.1 11 s . — 1—a
Local stability of the equilibrium point U = +4/ "

By substituting u = N/I_Ta in the linearized equation (3.24),we get

Zn+2(i+1) T (1 —a)zptisv1 —az, =0,
apply theorem (3.2.1) to the equation, we get
11 —al+|a| <1

is a sufficient for the asymptotically stable of the difference equation. This sufficient
condition never hold for all a. By the same way, we get not satisfying sufficient condition
for the reminder negative equilibrium point.

3.3 The casei =10
Unp,

a+ bun-l—lun

= W(Up, Upt1), uouy # 0. (3.25)

Up42 =

From previous chapter in example (11), the solution of equation (3.25) is

Case 1:ifa#1

ot T (L o -1\
=l b . 3.26
o= T (o +o[ 5] ) (3.20

k=0
Now, to determine the forbidden set. From(3.26)

ey ﬁ p 1 a¥ —1

Un = Yo “ u0u1 a—1
n—1 _1\k+n

_ u(()fl)n . H (ak(a— 1) + buguy (a® — 1))( 2

uouq(a — 1)

k+n

let

a®(a — 1) + buguy (a® — 1) (=t
uouq(a — 1)

o = (
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SO

n—1
T k), n=2341,..
k=0

1. if K+ n = even number then f(n, k) is defined when
upuy # 0
2. if k 4+ n = odd number them so f(n, k) is undefined when
a®(a — 1) + buguy (a* —1) =0
SO

a*(a—1)

UgU1 = _b<ak — 1)

Theorem 3.3.1. Let ug, uy be given initial conditions such that upu; # 0 and let a # 1.
The forbidden set F of the difference equation (3.25) is given by

7= {oom =577

Case 2:ifa=1

n—1
u = uy II¢
k=0
n—1 —1)ktn
(L ek =
0 - UpU1

let

1)k+n

1+ uoulbk)(_

UoUq

o = (

SO

n—1
un:u((fl)n Hf(n,k;), n=2234,..
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1. if K+ n = even number then f(n, k) is defined where

UoU1 7£ 0.
2. if k 4+ n = odd number then f(n, k) is undefined when

1+ uoulbk =0
SO

1
bk

Theorem 3.3.2. Let ug, uy be given such that uguy # 0 and let a = 1. The forbidden
set F of the difference equation (3.25)is given by

= 1
F = kL;Jl {uoul = —%}

3.4  Special Case for i = 2

Ul =

In this section, we find the exact solution and the forbidden set of the following 6
order difference equation

U
g = ———— =, 0 3.27
Unt6 o buat, W, Ugly UgUzlUglUs F ( )
Let us differentiate w with respect to u, and u,3
ow a ~+ bupt, 3 — bup, s a w2 aw?
Ouy, (@ + buptns)? ©(a+bupungz)? w2 w2’
0 —bu?
wo u; —bw?
oTm (@ + btinp3)?
and so
OUpys ow/ou,  aw’/ui  a
ou,  Ow/Ou,yz  —bw?  bul’
The linearized symmetry condition (LSC) is given by
ow ow
Q(n + 67 un+6) -

8Un+3Q(n + 37 un+3) - 8_UnQ(n’ Un) =0
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aw?

Q(n + 67 un+6) + bw2Q(n + 37 un+3) - U_QQ(na un) =0.

n

Now, by applying the differential operator L to the previous equation, where

0 OUupyz O
L =
ouy, i Oty OUpys
we get
0 Ouprz O
aun <Q(n + 6, U/n-‘rﬁ)) + 8un 8un+3 (Q(n + 6, un+6))

2

_ 0 ( — bw*Q(n + 3, upy3) + %Q(n, un))

ouy, 2
a 0 9 aw?
2 s ( —bw Q(n+ 3, upy3) + U—%Q(”, Un)>

which implies

aw? 2aw? aw?

u_le(m Un) = u3 Qn,u,) — U_QQ/(n +3,tngs) = 0
multiply this equation by %

/ 2 /
Q' (nyun) — —Q(n,u,) — Q' (n+ 3, upy3) =0 (3.28)

n

differentiate the last equation with respect to w,, keeping w, 3 fixed

Q//(n, un) — %Q/(n, un) + U%Q(m Un) =0

n

again multiply by u?

w2 Q" (n,u,) — 2u, Q' (n, uy,) + 2Q(n, uy,) =0

which is an Euler Equation, whose solution is

Q(nu un) = O‘nui + Bnun
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thus
Q/(na un) = 2anun + Bn

substitute into equation (3.28)

0 = 205nun + Bn - 2anun - 2ﬁn - 2an+3un+3 - ﬁn+3

= _571 - 5n+3 - 2an+3un+3

comparing both sides of the last equation, we get
any3 =0and so a, =0

and we have also
Bn+3 + ﬁn =0

which is a third order linear difference equation, whose solution is
1++3i\" 1—V3i\"
Bn=c(=1)" + e (T\/_) +c3 (T\/_>

where c¢1, c9, c3 are constants. Suppose that ¢co = c3 = 0 and ¢; = 1 so (3,
which implies

Q(n,uy) = (—=1)"uy,.

We want to find the invariant using,

du, AUy 3 _duy,
(=D)ru,  (—=1)"Bu,s 0’
du, dun43 : :
take Tl = Ty invariants,
SO
In|u, |=—1In|ups | +¢, then c=In|upungs

where c is constant, so
k1 = upu, 3 where ky = e,

we also have
du, dv,

Uy, 0

and so

v, =k, such that k = f(ky)
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where k, k; are constants. Let f(k;) = k;, then
Up = Un4-3Unp,
and
UpUn43 Un

Un+3 = UnteUnt3 = a+ buu
nWn+3

Now, we want to solve this equation

Un
Un+3 =
a+ by,
SO 1
a
= —+0b,
Un+3 (%%
let
1
Zn = T,
Un

- a4+ b,

(3.29)

(3.30)

this substitution converts equation (3.27) to the following third order linear equation

Zniz —az, —b=10

SO
Znis — azp = .

3.4.1 The Case a # 1

(3.31)

(3.32)

The characteristic equation of the homogeneous equation

Znag —azp =0

18

(3.33)

N —a=0.
The roots of the last equation are
.2(0)w
wy = (a)ée’ 3= (a)% ,real root,
2(1)m 27
o = (a)ie 3 = (a)ie's

py = (a)se 3 = (a)se
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where (a)é is the real positive third root of a. So the solution of the homogeneous
equation (3.33) is

i‘“)n

e 3

= ci(a)s + C’z((a)i(cos g + 4sin %)) + cg((a)%(cos % — i sin %))

n s n ' n
Zp = Cijly + Collg + Clig

= ala)f +6 ((a)éeii?’>n - cé((a)

=

n 2nm . 2nm
= as (01 —FCQCOST -+ CgSlnT)

where ¢1, ¢3, ¢3 are constants and
Cg = Cy +C3, C3 = i(CQ — Cg)

to find the particular solution,z,, let

2y =,
substitute into equation (3.32), we obtain
c—ac=0b
SO
b
C =
1—a
such that b # 0, and so
b
y =
P 1-a
thus, the solution of equation (3.31) is
Zn = Znt2p
%( + ¢y cos anm + 38l 27”) + b
= a3(c+c —— 4+ cgsin —
R T e T

Given initial values zg, z1, 29 , the constants ¢y, ¢o, c3 satisfy the following system of
equations

b
(Zo_l—a) = a+to

b 1 27 .27
(Zo_l—a)a 5 = cl~|—02cos?+03sm?

b 2 47 L 4w
(zo—l_a)a 5 = cl+czcos§+cgsm?
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then

Ay d A
cg=—, Ccp=—and c3 = —
such that
1 1 0 1 1 0
3v3
Azlcos%”sin%’r: 1_71\/7?: :T\/_
47 s 4w _ _
1 cos< sin<f 1 5t T\/g
(2o—7%) 10 (o-7%) 1 0]
A= ()t oo sinZ| = (o - ket <3
(2 —q2g)as cos¥ sin¥|  |(m—g)a i —f -
b 1 b _2
(20— 12%) (- 1)a s (z2—1g)a s
_ 1
B K h
0 > —3
3 3 3 b 3 3 3
== (= ) et - g (F - Pt
1 3 1 3 1 3 b 3 3
e £ + (_ L_a_%) + (ia_g) — £ — L_a_% —I—
UoU3 2 U1U4 2 U2Usy 2 1—a 2 2
SO
Ay
. = —
! A

1 1+ 1 ( 1 _%) 1 (1 _%) b 1 1 _%+1 2
= - ——a —a — - ——a —a
UplU3z 3 UjUa 3 UgUs * 3 1—al\3 3 3
1 1 1 1 1 2 b 1 2
- = — a3 -3) — 1— a3 -3
3 u0u3+u1u4( “ )+u2u5(a ) 1—a< @t )1
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Ay

SO

Co

L (20— 1%) 0 1 (o-12) o
1 (s —5)as sinZ| = |1 (z—2)as L
1 (ZQ_ﬁ)a_% sin%” 1 (22—%)a—§ —T?’
1 1 1
(o- ) (51— )at (- ib)ad
0 ¥3 _ V3
2 2
(20— 5%) (21— )a™s (22— gig)as
0 B =
3 3 b 3 3
N
1 1 Ve 1 V3 e b V3
U0u3\/§+ulu4(_7a ’) U2U5(_7a )—1_a(\/§—7a T




3. Forbidden Set of The Difference Equation

Un

Un+2(i4+1) = a+bupi11Un

87

and
11 (20— 1) 1 1 (20— 1)
A; = |1 Cos%’T (zl—ﬁ)a_% = |1 —% (zl—fba)a_%
1 cos (22—%)61_% 1 —3 (@—ﬁ)a‘%
1 1 1
= 1 1 _1
2 1 2 2
(20— 122) (m—1)a™s (22— g)as
(0 —1%) (a—12)a™s (= —q2p)a™s
- - - -
1 1 1
3 3 b 3 3
= a(ged) (-0 h) - 2 (Gat - 5ot
1 ,3 1 1 3 2 b 3 1 3 _2
- u1u4(§a 3)—}—“2“5(—5@ 3)_1—a(§a 3—§a 3)
SO
_ A
C3 = A

_1 _2 b 1 _2
= S () - (e e
V3 | urug Ugls 1—a
Then, we have
1
v, = —
Zn
1
= 0 . = UpUp+3
as(cl—i—chos%T’r—i-Cg,sm%T’r) +ﬁ
and so |
Unt3 = 2nm

un(a% [cl + cacos 5=+ c3 sin Q”T’T} + 1Tba) '
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To solve the last equation we need to obtain the canonical coordinate,
du,,
Sp= [ ———
! (=) un
= (=1)" In |uy|
o)

Spis — Sp = 30 [upgs| — (=1)" In |uy,|

[ln [t s] + 10 |w,]]

1
n
CL3(01+C2COS2n—ﬂ+63$IH2n—ﬂ-) + =

n 2nm . b
CL3(61+CQCOST+0381H .

and so

n 2nm . 2nm b
as (cl + c3 cOS —— + ¢3sIn —) -+

Snt3 — S (=1)"In 3 3

1—a

which is a third order non homogeneous difference equation that can be solved recur-
sively. Let s, s and sy be given and let
2nm

n 2nm .
a3 (01 + C COST + c3s1n T)

b
1—a

f(n)=(~1)"In

then
Spt3 = Sp T f(n)

s3 = so+ f(0)

se = s3+f(3)=s0+f(0)+ f(3)

sg = s+ f(6) =s0+ f(0)+ f(3) + f(6)

sz = g+ f(9) = s+ f(0)+ f(3) + f(6) + f(9)
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so, for n = 3m, m=1,2,3,...
s = S0+ f(0)+ f(3) + f(6)+ f(9) +... 4+ f(n—3)
n—3
3
= so+ > [f(3k)
k=0
hence,
m—1
ssm =0+ »_ f(3k)
k=0
but
2(3k 2(3k b
fBE) = (=1)*In a’s (c1 + cacos (Bk) + c3sin ( 3 >7T) + -
b
— -1 3kl k
(—1)*In|a (Cl+62)+1_a
thus,
m—1
Sa1 = S+ ;(_ng In|a" (e + o) + | m= 1,2,3, ... (3.34)
We also have
ss = s1+f(1)
s; = s+ f(4)=s1+ [(1)+ f(4)
sio = st+ f(7)=s1+ f(1)+ f(4)+ f(7)

si3 = s+ f(10) =51+ f(1) + f(4) + f(7) + f(10)

so, form=3m+1, m=1,2,3, ...

Sp = s1+ f(1)+ f(4)+ f(7)+ f(10) + ... + f(n—3)

n—4

= sl+if(3k+1)
k=0
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hence ,
S3m+1 = S1 + Z f(?)k' + 1)
k=0
but
3kl 23k +1 23k +1 b
fBk+1) = (=1)**!In a’s (c1 4 2 cos 2Bk + U + ¢3sin (3k + )W) +
3 3 1—a
1 2m .27 b
= (=1)**1In |abts (c1 + cocos 5 T casin ?) I
1 1 V3 b

(—1>3k+1 In CL'IH_é (Cl + 502 - 703) + 1—a
Thus,

m—1

1 V3
S3m41 = 81 + ;0(—1)3“1 In |a*+3 (e + 52~ 763) + ol ™= 1,2,3,..
(3.35)

And finally

s5 = Ssa+ f(2)

sg = s5+ f(5) =s2+ f(2) + f(5)

s = sg+ f(8) =sa+ f(2) + f(5) + f(8)

s = su+ f(11) = sy + f(2) + f(5) + f(8) + f(11)

so, forn=3m+2, m=1,2,3, ...

Sn

hence,

So+ f2)+ f(5)+ f(8) + f(11) + ... 4+ f(n —3)

n—>5

k=0

m—1

S3m+2 = S2 + Z f(gk’ + 2)

k=0
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but
2(3k + 2 2(3k + 2 b
F3k+2) = (=1)*2n|a"5" (c1 + cacos % + c3sin ( ;_ )W) +7
—a
47 4 b
— (=132 |gF TS = i 2
(—1) nla (01+CQC083+0381H3)+1_a
1 V3 b
—  (—1)3k*2]p |kt . N2
(—1) nla 3(01 5C2 263)+1—a
thus,
-— 1 3 b
S3m42 = 52+Z(—1)3k+2 In a“% (Cl — 562 — %C;g) + T = 1, 2, 3, . (336)
Now, from (3.34,3.35,3.36), we obtain
m—1
21 21 b
83m41 = S| + Z(—l)?’k“ In |ak+s (c14 ¢ COSTW + ¢ sin Tﬁ) + Tl 1=1,2,3.
The canonical coordinate
Samar = (=1 In Jugpmy|, 1=0,1,2 m=1,2,3, ...
which implies
U3m+l = €EIP ( 1 3mHS:aerl)
m—1
21 21 b
= exp ( 3m+l 1+ g 3k+l+3m+l In |ak+5 (01 + 9 CcOS % + c3sin ?ﬂ) + - )
m—1
2l 2l b
_ 3m+l ll + -1 3k+3ml + + -+ N +
exp( ) In |y %( ) n |a"*3 (¢ 4 ¢ cos 5 T Casin— ) T
m—1 (_1)3k+3m
2l 2l b
_ 3m 21 .
— exp( + 1n|ul]+21na (01+020087+0381D?)+1_a )

k=0
(_1)3k+3m

m—1

2l 2lm b

= k+3 (c1 4 c2cos = + c3sin =) + > (3.37)
0 ( 3 3 1—-a
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To verify our computations, we want to show that solution (3.37) verify equation (3.27),
which can be written as

Un,
= a + b, 3uy,
Un+6
The left hand side
Unp, . U3m+1
Un+6 U3(m+2)+1
(=13 ym—1 ¢ gyl 2l7r 2 p o\ (—1)3kHEm
B W, o (a"%3(c1 4 cpcos ZE 4 cysin 2F) + )
(—1)30m+2) rm 1 ( fg L 2l7r U b\ (—1)3kH30m+2)
w, o (a"%3[er + cacos 2E + eysin 2] + )
(=1)%™ pm—1 (k4L 2 p o\ (=1 FEm
oy k=0 (a 3 (01 + Co cos 2T 1 c3sin 28 ) + E)
(=1)3m ym—1 (k4L 2l7r 2n b\ (—1)3ktsm
U, k=0 (a 3 [cl + g cos = + cgsin =~ ] + _l—a)
1
m+i 2[7r plis b (—=1)3m+3m
(a 3 [01 4+ c9 cos =F + c38in =F 3 ] —+ —1_a)
1
' l —1)3(m+1)+3m
(am+1+3 [01 + ¢y Ccos 2T 21” + ¢ 8in 2?} + —1fa)( )

(am+1+é [Cl + ¢y cos 2E 2” + c3sin 2?] + ﬁ)

(aeré [cl + ¢y cos =X 21” + ¢38in 2?} + %a)

Now, a + buy,suy,
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Up4+3Un = U3(m41)+1U3m+1
m 91 9] 1)3k+3(m+1)
_1)3(m+1) L m . 7T
= ul( 2 H (ak+3(cl + ¢z c08 == + c3 sm— )
k=0
m—1 (- 1)3k+3m
_1)3m 21 21 b
. Uz( b? (a“é (cl ~+ ¢y cos ?ﬂ + c3sin ?ﬁ) + >
k=0
m—1 (_1)3k:+3m+1
_1\3m+1 [(_1\3m 2171’ . 2l7T b
— Ul( b Uz( b (a”” (c1 + cacos = + c3sin ?) + - a)
k=0
m+é( . 2l . ‘ 2l7T) . b (—1)3m+3m+1
a €1 + €9 €08 — + c38in —
S T NN
"ﬁl ek (er - cpcos 27 4 gsin 2Ty 4 (e
a ¢l + ¢y cos — + c38in —
PhREE g T 1—a
k=0
b (o + 2l7r+ , 2[7r)+ b\ !
= |(a €1 + €3 €08 — 4+ c3sin —
S T e T
SO
+b + b
a+ b, 3u, = a
(am+ (cl + ¢y COs 21—” + ¢38in 21?”) + ﬁ)
a1t (c1 4+ cacos ZE 4 cgsin 2F) + 2 + b
B a"”s(cl—l—cgcosm—”%—c stlT”)—i—ﬁ
_ a1t (c1 + ¢ cos 2 + ¢y sin 2T) + 72
A"t (01 —1—02(:0321—7r +c3 szl—“) + ﬁ
Now, to determine the forbidden set from (3.37), n =3m+1, [ =0,1,2
1)3meH mt Ic+ 2l o 2r b (—1yiteem
Up, —u3m+l—ul 3 01+02003—+0381n—)+
3 3 1—a
k=0
let
—1)3(k+m)

21 21 b\
film, k) = (a’ng (c1 + ¢z cos ?ﬂ + c5sin —W) + )

3 l1—a
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then
ak+é 1 1 1 1 2 b 1 2 1
k) = —a’s 3) - 1—a i +ad
fl(m7 ) 3 |:UQU3 u1u4( a 3)+u2u5(a 3) 1_a( a 3—+a 3)-
a’”% 2 1 1 1 2 b 1 2 1 2l7T
— a3 —a73) — 2 _a 3 —aqa 3 -
* 3 {u0u3+u1u4( “ )+u2u5( “ ) 1—a( “ “ ) o8 3
ak"'% 1 1 2 b 1 2 T 2l7T
3 — a7 3) — 3 _q 3 in —
" \/§|:U1U4(a )+U2U5( ¢ ) 1_a(a ! )_Sm 3)
b (_1)3k:+3m
i 1— a)
1 [a*ts  2aFts 2lm
= cos —
Uopus [ 3 3 3
. 1 a’”é( _é)_'_a’”:l%( _%) 2l7r+ak+é( _%> . 2w
v |3 a 5 a cos 5 73 a sin 5
N 1 _a’”é( §)+ak+§( —%) 217r+ak+é( —%) _ 2w
— _ 3 _— J— 3 S _—
S a 3 a”3)cos 3 73 a in 3
b
_1 — |:<]_ _a_% —f—a_%)
21
+(2 —a 3 — a_%) COST7T
2l (71)3k+3m
+(a_% —a %) sin ?ﬂ — 1}) (3.38)
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B ( uyugugus(l — a) ak*s gkt
B )

2l
Uy Uguzugus (1 — a 3 + 3 o8 3
upuguzus(l — a) aF+s 1
uouiuguzugus(l — a) [ 3 ( @ 3)
+ a*ts ( a é) cos 2lm + a*s (a_%) sin QZW}
3 3 /3 3
uotyuzug(l —a)  [akts 2
uouiuguzugus(l — a) [ 3 ( B a3)

N ( %) 2l N akts ( 7%) 2l
—a” 3)cos —a 3)sin
3 3 3 3
_ UQU1U2U3U4U5b
uguiuguzusus (1l — a)
1 21
{(1—@ 5+a §)+ (2—a 3 —a %)cos?w

2[ (_1)3k+3m
+(a”5 —a5)sin ?” - 1D (3.39)

Now, we have the following results

defined for all

1. if k +m = even number for some m and k, from (3.39) we we have f;(m,k) is

UpUiUgUzUgus 7 0

2. if k4+m = odd number for some m and k, from (3.38) we have f;(m, k) is undefined
when

( 1 {a“:la 20kt 2l
0 = + CoS —
UoU3 3

3 3
i 1 ak+il’>( _%) i &k+§( é) 2w i (lkJril’:( :1)’) 2w
—a —a cos — a sin —
g | 3 3 3 V3 3
i 1 &k+é( %) + &k+é( g) 2l i CLkJril’)( _%) 2
—a —a cos — —a sin —
U2Us 3 3 3 \/§ 3
b 2l 2l
—1_a{(1—a_§+a %)+(2—a_3—a g)COS?ﬂ-—F(G_l—a 3)sin%—1})
_ L L L 4 b
= s + u1u452k + gt ok 1—a£4
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where, for [ =0,1,2

él B _ak+§+2ak+§ 2l_7T
= 3 3 coS 3
aFts 1 akts 1 o akts 1. 2w
g = [ (e e ) 2
ak+% 2 ak+% 2 2l ak+% 2 2l
e = | (e (e e () sin T
§i = (1 — a’% —i—cf%) + (2 — a’% — a’%) 60821% + (cf% — a’%) sin%% — 11

Theorem 3.4.1. Let ug, uy, us, uz, ug,us € R such that uguiusuzusus # 0 and let
a # 1. Then the forbidden set F of the difference equation (3.27) is given by F =
FOUFYF?, where

(1 1 1 b
Fl= ! - ¢l iy <y <
kI:1’ {uougflk + u1u4§2k + u2u553k = a§4

3.4.2 The Casea =1

We consider the case a = 1. Equation (3.32) becomes
Znis — 2n =1 (3.40)

the characteristic roots of the homogeneous equation, z,, 13 — 2, = 0, are the roots of
the characteristic equation
NM—1=0

" A=1DN+A+1)=0

and so

>\1 - 17 /\2,3 -

Hence, the homogeneous solution zj, is

2nm . 2nw
Zp = €1 + €3 COS —— —+ C3S1l ——,

3 3
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let the particular solution be
2p = nc,
substitute into (3.40), we obtain

(n+3)c—nc=1>

SO
b
c==
3
then
b
Zp = =N
3
thus, the solution of equation (3.40) is
Zn = Znt2p
L 2nm +easi 2nm . nb
= ¢ + ¢yc08 — + c3sin — + —b.
R T e TR

Given initial values zy, 21, 22, the constants cy, co, c3 satisfy the following system of
equations

20 = (1 +C2
b 1 V3
Zl_§ = 01—502—1-703
2b 1 V3
Zl_? = 01—502—763

solving the last system for ¢y, cs, c3, we get

1 1,1 1 1
= - —p) = = —b
“ 3 <ZO tat s ) 3 ('LLOU3 U1Ug U2Uy )
1 1 1 1 1
= Q-2 —2m+b) = —(2— — - b
@ 3< =0 “ 2t ) 3( UoU3 U1U4 UaUs + )
L Lh o4 (! L b)
C = —(21 — % —-) = —= — -
3 \/§ ! 2 3 \/§ U1U4 UoUs 3

The invariant v,, is given by
1

Vp = —
Zn

= B = UpUp+3
cy —f—CQCOS%Tﬂ— —H:;»,smz%r + %b
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a+buntit1un

SO
1

un(cl + ¢y cos 2T 4 ¢y s1nz"—7r + ”b)

Un43 =

To solve the last equation we use the canonlcal coordinate,

. _/ du,
") (=),

= (=1)"In |u,|
SO
Sn+3 — Sn (—=1)" "3 In [ty — (—1)" In |u,|
= (=1 In fupys] + I fuy]
= (- 1)n+ In [y, 4 3, |
= (=1)""In|u,]
1
= (=1)""'In 5
¢ + 9 cos 2T 4 g sin 227 =r ”b
2 2
= (=1)""1n |c; + ¢y cos ) + c5sin o + nb
3 3 3
and so
2nm . 2nm
Spnts — Sp = (—1)"In|c; + ca cos —— + c3sin —— + — L
3 3 3
let ) )
f(n)=(=1)"In cl+02cosﬂ+03sinﬁ+ﬁb ,
3 3 3
then

Sny3 — Sn = f(n)
which is a third order non homogeneous difference equation that can be solved recur-
sively as in the previous case when a # 1. Let sg, s; and sy be given, then

21 21 [
01—1—02008%%—03$in—7r+ b‘ [=0,1,2, m=1,2,3,...

S3mal = SZ+Z(—1)3k+l In 3 3

The canonical coordinate

Samar = (=1 n lugpy|, 1=0,1,2 m=1,2,3, ...
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which implies

U3m+l = €XP ((_1)3m+l53m+l)
m—1 (_1)3k+3m
_1y8m 21 21 l
= ul( b? L[O (Cl + ¢ cos Tﬂ + ¢z 8in ?ﬂ + §b) (3.41)

Now, to determine the forbidden set. From (3.41), n =3m+1, 1 =0,1,2

m—1 (—1)3k+3m
—1)3m 21 21 l
k=0
let 2l 2l l (_1)3k+3m
film, k) = (c1 + e COS—W + c3 sin—7T + =b
3 3 3
then

fm k) = ( 1 {1 2 2[7T:| 1 {1 1 2l 1 . 2l7T1

33 3 "33

UoU3

U2Us 3 3 3 \/3 3
b oAr 1 . 2 (mpyerem
—2 {1 — cos 3” - ﬁsm?ﬂ - ZD (3.42)
3U1UsU4 U5 1 2 2l
= -+ 5 cos——
?)UOU1U2U3U4U5 3 3 3
3ugUoUsts 1 1 2lm n 1 . 2
— — —C0S — + ——=sin —
3UQU1UQU3U4U5 3 3 3 \/§ 3
SugUqUgly 1 1 2lm 1 . 2nr
- — —C08S — — —=sin —
3u0u1u2u3u4u5 3 3 3 \/3 3
buguiuguzusu 2l 1 2w (=12
— 0 1] —cos T — —sin— —1 (3.43)
3UpU1 U Us U4 Us U 3 V3 3

Now,

1. if k+m = even number for some m and k, from (3.43) we have f;(m, k) is defined
where
UgU1U2U3U4LUSR 7é 0
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2. if k+m = odd number for some m and k, from (3.42) we have f;(m, k) is undefined
when

( 1 {1 2 2Z7T:| 1 {1 1 2w . 2171
0 = -+ -cos— | + - — - C0S— + —=sin —

UoU3 3 3 3 U1Ug 3 3 3 \/§ 3
1 {1 1 2r 1 2[7T:|

-~ — - C0S— — —=si

3 33 B33

b 2w 1 . 2~r
—— 1|1 —cos — — —sin — — [
3 3 V3 3

_ I I I b
= o b -
where
(1 2 2l
& = _5*5603?}
> 13 3 3 V3 03
5|3 3 3 V3 03
[ 21 1 21
é:ll = ]_—COS?W—ESHITW—Z}

We get the following theorem

Theorem 3.4.2. Let ug, uy, ug, ug, Uy, us € R such that uguiususugsus # 0 and let a = 1.
Then the forbidden set F of the difference equation (3.27) is given by F = F°|J F'|J F?

where . . .
flz{ G+ —& + —

UoU3 U Ug 2Us

b
g - 6-o]



CONCLUSION

By the method of symmetry, we have solved the difference equation

U,
Un42(i41) = — 7 s
A a+ bun+i+1un
when ¢ is Even, that is an open problem proposed in [3]. We have determined the
forbidden set of this difference equation. We also have considered the special case 1 = 0
and the special case 1 = 2.
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